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Singular perturbation for the first eigenfunction and
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David Holcman ∗ Ivan Kupka†
Abstract
On a compact Riemannian manifold (Vm, g), we consider the second order pos-
itive operator Lǫ = ǫ∆g + (b,∇) + c, where −∆g is the Laplace-Beltrami operator
and b is a Morse-Smale (MS) field, ǫ a small parameter. We study the measures
which are the limits of the normalized first eigenfunctions of Lǫ as ǫ goes to the
zero.
In the case of a general MS field b, such a limit measures is the sum of a lin-
ear combination of Dirac measures located at the singular point of b and a linear
combination of measures supported by the limit cycles of b.
When b is a MS-gradient vector field, we use a Blow-up analysis to determine
how the sequence concentrates on the critical point set. We prove that the set of
critical points that a critical point belongs to the support of a limit measure only
if the Topological Pressure defined by a variational problem (see [22]) is achieved
there. Also if a sequence converges to a measure in such a way that every critical
points is a limit point of global maxima of the eigenfunction, then we can compute
the weight of a limit measure.This result provides a link between the limits of the
first eigenvalues and the associated eigenfunctions . We give an interpretation of
this result in term of the movement of a Brownian particle driven by a field and
subjected to a potential well, in the small noise limit.
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1 Introduction
Let (Vm, g) denote a compact Riemannian manifold of dimension m ≥ 2, with no bound-
ary. −∆g denotes the associated Laplace-Beltrami operator . In this paper we consider a
second order elliptic operator depending on the parameter ε > 0,
Lǫ = ǫ∆g + θ(b) + c, (1)
where b denotes a C∞vector field on V, c a strictly positive C∞ function on Vm and θ(b)
the Lie derivative operator associated to b: θ(b)u = du(b) for any function u on V .
Lǫ is a positive operator to which the Krein-Rutman [25] theorem can be applied.
Hence the smallest eigenvalue λǫ of Lǫ is simple and strictly positive. The associated
eigenspace is generated by a strictly positive function uǫ, normalized in L2(Vm). The
behavior of λǫ as ǫ goes to zero has been extensively studied [20, 21, 22, 3, 4].
In the case when the ω-set is a disjoint union of compact invariant hyperbolic set,
under a mild additional assumption Y. Kifer has proved that the limit of λǫ as ǫ goes to
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zero is the topological pressure (TP), associated to the flow of b and the potential c (for
definitions and details see [22]).
Unfortunately, much less is known about the weak limits of the eigenfunctions uǫ, as
ǫ goes to zero. By weak limits, we mean the limits of the measures u2ǫdvolg in the weak
topology of measures. Past results include the case when Vm is a bounded domain of R
n,
the limit sets of the vector field b is reduced to a single point, λǫ and uǫ are related to the
zero Dirichlet boundary condition.
When this singular point is attractive, uǫ as ǫ goes to zero, converges to a Dirac
measure supported by the attractor. When it is repulsive uǫ converges to a constant on
every compact sub-domain of the domain of definition (see [2, 3]). When the attractive set
consists of a single limit cycle, the first eigenvalue converges to the average of the potential
c of the PDE, along the cycle (see [16] ), limǫ→0 λǫ =
∫ T
0
c(x0(t))dt
T
, where x0 parametrizes
the limit cycle of period T, the proof uses a stochastic approach. It is interesting to note
that this approach and the deterministic methods give complementary results.
When b = 0,the equation (1) reduces to:
ǫ∆guε + cuε = λεuε
The limits of the u2ǫdvolg (normalized by:
∫
V
u2εdvolg = 1) has been studied for example in
([31, 30, 11]) and is known as the semi-classical limit. In particular when the potential
c has a double well in P1 and P2 ( that is an absolute non-degenerate minimum at each
points), it is well known that the limits of the measures u2ǫdvolg as ε goes to 0 can
concentrate on those points only and in the distribution sense, as ǫ goes to 0
u2ǫdvolg → c1δP1 + c2δP2 ,
where c1 + c2 = 1. As far as we know, nobody has addressed the question of computing
explicitly the coefficients c1 and c2 in general. Of course, under additional assumptions,
for example, when the uǫ are invariant by a group of isometries, c1 = c2 =
1
2
. It is not
clear at present time whether or not those coefficients are unique. We will see here that
those coefficients depend only on the Hessian of the potential at the points P1, P2 and on
the limit of the ratio (called the modulating ratio) of the local maximum to the global
maximum of the uǫ, but they do not depend on anything else.
Sometimes, as explained in [31], one of the coefficient is zero and the limits of the
measures u2ǫdvolg concentrate on the remaining point. In that case, we use the terminology
of [31] and say that the degeneracy is removed. The degeneracy can be removed by looking
at the expansion of λǫ in terms of ǫ in the following way. λǫ depends on the values of
the potential and of the derivatives of the metric tensor at the minimum points. The
Taylor expansions of λǫ have to be the same to each order at P1 and P2. If this is not
the case then only one point will be charged. In this paper we compute the necessary
conditions up to order 4, in order that the degeneracy can be removed in terms of the
geometry. These conditions narrow down the set of points which can be charged ( i.e.the
set of points where the coefficient ck is strictly positive).
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We conjecture that the coefficients ck are unique and when the degeneracy cannot be
removed they are charged by a global maximum sequence (the modulating ratio is equal
to 1).
When b is a gradient b = ∇φ, the limits of the measures u2ǫdvolg as ε goes to 0 can
concentrate on the critical points of b only. The concentration results are proved for the
normalized measures
e−
φ
ǫ u2ǫdvolg∫
Vm
e−
φ
ǫ u2ǫdvolg
(2)
and we shall see how the potential c interacts with the field b to select the points that
will be charged. This set is the set of points where the Topological Pressure attains its
minimum (see [22]).
When b is a not necessarily the gradient of function, very few results are known
about the behavior of the measure u2ǫdvolg as ǫ goes to zero, because it not clear by
which function if any, the function φ should be replaced in expression 2. Recall that the
operator Lǫ with general drifts have not been considered before, especially in the context
of Quantum Mechanics, because it has an interpretation only in the context of diffusion.
Actually, on the striking results in this paper is that φ can be replaced by any global
Lyapunov function L associated to the field b. Using a weight which is a Gaussian in the
Lyapunov function, is a crucial input into the problem because it enables us to ”filter” the
limits in order to get results about the concentration. Using a Lyapunov type function, as
presented in section 4, is by far more general than using a solution of the Hamilton-Jacobi
equation,
|∇L|2 + (b,∇L) = 0, (3)
as it is currently used in the formal expansion of the WKB theory. Another striking result
is that the possible limit measures are supported by specific limit cycles of the field, which
are not necessarily the attractors.On a compact Riemannian manifold, the existence of a
solution to the Hamilton-Jacobi equation is not always guarrante to be smooth, while in
appendix 2, we prove the existence of a smooth Lyapunov function. In this context, we
prove that the measure
e−
L
ǫ u2ǫdvolg∫
Vm
e−
L
ǫ u2ǫdvolg
(4)
can concentrate on the limit cycle of a Morse-Smale dynamical system, without any addi-
tional assumptions. Finally, we give explicit results about the decay of the eigenfunction
sequence near the concentration set and analyze the influence of the Riemannian geometry.
Our main results in this paper are:
• In theorem 7 of section 4, we prove that the limits of the normalized eigenfunctions
uǫ as ǫ tends to zero, are measures concentrated on the limit sets of a Morse-Smale
field b. The possible limit measures are supported by specific limit cycles of the
field, which are not necessarily the attractors.
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• In theorem 2 we prove that the blown up function is the standard solution of the
Harmonic Oscillator. This lead us to theorem 3 to give a precise expression of the
coefficient of the limit measures and to characterize the set of minimum of c which
are in the support of the limit measures. As a byproduct of the analysis, we obtain
some estimates of the velocity at which the sequence of local maximum Pǫ converges
to a critical point of the potential.
• In theorem4, we give a geometric interpretation of the coefficients of the expansion
of λǫ in terms of the power of
√
ǫ. These coefficients are invariant of the couple
(Riemannian metric, potential).The value of the second term of the expansion of
λε in powers of
√
ε is computed, using minimax procedures, but this value has to
be compared to the one obtained in [12], based on the WKB formula. The result
obtained here are based on the variational approach and seems to lead to results
that have to be compare with the results obtained by the formal WKB expansion
of the first eigenfunction.
• In theorem 6, we study the case where the field b is a gradient of a Morse-Smale
function. We prove that the concentration of the first eigenfunction occurs at the
critical points of b where the Topological Pressure is attained. In addition, the
weights of the limit measures is given under specific assumptions.
Remarks.
Some of the results presented here complete and extend also some previous work
in analysis [17, 18, 2, 3, 4]. In addition, at the time the results of this paper were
announced [13], we were not aware of any reports about the fine selection by the limit of
the eigenfunction sequence of a subset of critical points of the potential. The detail of
this selection process is presented in the subsection 2.6.2 and 2.7 and should clarify how
the metric and the potential are involved. This results extend in particular the work of
[30, 32, 31].
1.1 Notations
(x1,...,xm):U −→ R, is a coordinate patch on V and f a function on V :
5
dg : V × V—>R+ := distance associated to g
(, )g := scalar product associated to g
expx : TxV 7−→ V :=exponential map of g with pole x
volg := volume measure associated to g
L2(E) := L2 space associated to volg on the subset E of V
L2:=L2(V )
∆g := negative Laplacian associated to the metric
b := vector field on V
θ(b) := Lie derivation operator associated to b
∇ := gradient associated to g
M(V ) := space of all probability measures on V
C∞topology:=uniform convergence of all the derivatives on compact sets
g :=
m∑
ij=1
gijdxidxj
∆g := − 1√
det(g)
m∑
ij=1
∂
∂xi
√
det(g)gij
∂
∂xj
gij := inverse matrix of gij
det(g) := det (gij)
Γkij := Christoffel symbols of gij
Γkij =
1
2
gkl
(
∂gil
∂xj
+
∂gjl
∂xi
− ∂gij
∂xl
)
R···lijk· :=
∂Γljk
∂xi
− ∂Γ
l
ik
∂xj
+
m∑
n=1
[
ΓlinΓ
n
jk − ΓljnΓnik
]
Rijkl :=
m∑
n=1
glnR
···n
ijk·
Rickl :=
m∑
j=1
Rjklj
R :=
m∑
j=1
Ricjj =
m∑
i,j=1
Rijji
θ(b) :=
m∑
i=1
bi
∂
∂xi
dxi(∇f) :=
m∑
i=1
gij
∂f
∂xj
,1 ≤ i ≤ m
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1.2 Normal coordinates
For each P∈Cmin,we choose a normal coordinate system (x1,...xm):UP −→ R, centered at
P, defined on a domain UP such that:
1. x1×...×xm(UP ) contains the closed ball BP (δ) centered at P and having radius δ > 0.
2. for all i,j, 1≤ i,j≤ m, ∂2c
∂xi∂xj
(P ) = λi(P )δij.
3. UP∩UQ = ∅ for all P,Q∈ Cmin,P6=Q.
In the following we will identifie UP with the open neighborhood of O in R
m,x1×...×xm(UP ).
For r such that BP (r)⊂UP ,BP (r) will denote both the geodesic ball centered at P and
of radius r in V or its image by the mapping x1×...×xm. For the sake of streamlining
the notations, we shall commit the abuse, when working with the coordinate system
(x1,...xm):UP −→ R, of denoting by BP (r) the ball of center O and radius r whatever the
value of r(≥ 0 of course).
Now a few words about the blow-up procedure. On a manifold V let P be a point
and a chart (U ,x1,...xm) of V centered at P: xi(P)=0, 1 ≤i≤ m. The blow-up of power
t >0 associated to P and the chart (U ,x1,...xm) is the diffeomorphism Blt : U → Rm,
Blt(Q)=(
1
t
x1(Q), ...,
1
t
xm(Q)). All functions, tensors, differential operators can be trans-
ported to the open subset Blt(U). Suitably normalized by a power of t, they will have
limits when t goes to 0 which will be defined on Rm. These limits contain a trove of infor-
mation about the behaviour of the original objects in the neighborhood (more precisely in
the infinitesimal neighborhood) of P . To simplify the notations we shall write:1
t
Q instead
of Blt(Q),
1
t
A instead of Blt(A) if A is a subset of U and so on.
Recall that a field b is Morse-Smale MS if : (i)the recurrent set of b consists of a
finite number of hyperbolic points and periodic orbits (ii) each pair of stable or unstable
manifolds of these points or orbits intersect transversally. If moreover b is a gradient of a
function with respect to the metric g, b will be called a MS gradient field.
1.3 The self-adjoint case
In the self adjoint case the vector field b is zero. This assumption simplifies the problem
because it can be handled by variational methods. Theorem 1 below seems well-known
but we could not find a proof for Riemannian manifolds, using deterministic techniques
in the literature. Hence as a starting point, we provide a simple one here.
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Notations.
For each P∈Cmin,we choose a normal coordinate system (x1,...xm):UP −→ R , centered
at P, defined on a domain UP such that:
1. x1×...×xm(UP ) contains the closed ball BP (δ) centered at P and having radius δ > 0.
2. for all i,j, 1≤ i,j≤ m, ∂2c
∂xi∂xj
(P ) = λi(P )δij.
3. UP ∩ UQ = ∅ for all P,Q ∈ Cmin,P 6= Q.
In the following we will identifie UP with the open neighborhood of O in R
m, x1×...×xm(UP ).
For r such that BP (r)⊂ UP , BP (r) will denote both the geodesic ball centered at P and
of radius r in V or its image by the mapping x1×...×xm. For the sake of streamlining
the notations, we shall commit the abuse while working with the coordinate system (x1,
...xm):UP −→ R, of denoting by BP (r) the ball of center O and radius r whatever the
value of r(≥ 0 of course).
Theorem 1 Consider the first eigenvalue problem for the operator ∆g + c where c is a
function with a finite set of minimum points, Cmin, which are not degenerate (in the sense
of Morse). Assume that the first eigenvalue of the operator λε is positive. λε has the
following variational expression:
λǫ = inf
u∈H1(V )−{0}
∫
V
[
ǫ||∇u||2g + cu2
]
dvolg∫
V
u2dvolg
Then, when ǫ converges to zero, λǫ converges to the minimum of the function c and the
set of weak limits, when ǫ goes to zero, of the family of measures u
2
ǫdvolg∫
V u
2
ǫdvolg
defined by the
positive solutions uǫ of the PDE,
ǫ∆guǫ + cuǫ = λǫuǫ on V (5)
is contained in the simplex
M = {ν =
∑
(γP δP | P ∈ Cmin) ||
∑
γP = 1, γP ≥ 0} (6)
of all probability measures with support in the finite set Cmin where δP denotes the Dirac
measure at the point P .
Remarks. uǫ is uniquely defined up to a multiplicative constant by the Krein-Rutman
theorem (see [23]).
In the following proofs, over and over, we will chose appropriate sub-sequences of {uǫ,
ǫ > 0}, {λε|ε > 0} and so on, without saying so explicitly: In order to keep the notations
simple we will write uǫ, λε, ... instead of a sequence (uǫk|k = 1..), (λǫk|k = 1..)..
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Proof: without restricting the generality we can assume that c ≥ 0. To start note
that λǫ ≥ min
V
c ≥ 0. Using a constant as test function in the functional that define the
first eigenvalue, we get:
λǫ ≤
∫
V
c dvolg
volg(V )
≤ sup
V
c.
λǫ is a decreasing function of ǫ because the functional decreases with ǫ. uǫ being bounded,
there exists a sub-sequence which converges weakly and
∀φ ∈ H1(V ) ,
∫
V
[ǫ(∆φ)uǫ + cφuǫ] = λǫ
∫
V
uǫφ
To obtain an upper estimate for λǫ, consider the following radial function defined on Vm
for m > 2:
φµ(r) =
µ(m−2)/2
(r2 + µ2)(m−2)/2
− µ
(m−2)/2
(δ2 + µ2)(m−2)/2
, on BP (δ)
= 0 , on V − BP (δ) (7)
Then φ belongs toH1(V ). We use this function in the energy function I(u) =
ǫ
∫
V ( ||∇u||2g+cu2)dvolg∫
V u
2dvolg
.
The following standard computation gives an estimate of I(φµ):
ǫ
∫
V
||∇φµ||2gdvolg = ǫ(ωm−1
∫
Bδ/µ(P )
rm−1dr
1
(1 + r2)m
+ o(µ)) = ǫc(m) + o(µ)ǫ
where the constant c(m) depends only on the dimension n and ωm−1 is the volume of
the unit (n-1)-sphere of Rm, r = d(P,Q) is the geodesic distance and δ is less than the
injectivity radius. We have to evaluate the other quantities in the functional. Using the
change of variable x = yµ, we get:∫
V
cφ2µdvolg =
∫
Bδ/µ(P )
aφ2µdvolg = µ
2V (P )ωm−1J(δ/µ) + o(µ),
where
J(δ/µ) =
∫
Bδ/µ(P )
(
1
(r2 + 1)(m−2)/2
− 1
(δ2 + 1)(m−2)/2
)2dvolg.
We have J(δ/µ) = O(1) for n ≥ 5 and for n=4, J(δ/µ) = O(ln δ/µ)∫
Bδ/µ(P )
cφ2µdvolg =
∫
Bδ/µ(P )
cµ2(
1
(r2 + 1)(m−2)/2
− 1
(δ2 + 1)(m−2)/2
)2dvolg
then after some computations:∫
V
φ2µdvolg = µ
2ωm−1J(δ/µ) + o(µ).
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Taking µ = ǫ1/3, we get the expansion
I(φǫ) = c(P ) + o(1),
where P is a minimal point of c.
In the 2-dimensional case, we can consider the test function
φµ(r) =
µp
(r2 + µ2)p
− µ
p
(δ2 + µ2)p
, on BP (δ)
= 0 , on V −BP (δ)
where p satisfies 0 < p ≤ 1/2. The same computations as before, taking µ4 = ǫ, gives the
result. Finally
min
V
c ≤ λǫ ≤ c(P ) + o(1)
lim
ǫ→+∞
λǫ = min
V
c
Using the energy equation, we have λǫ ≥ ǫ
∫
V
|[|∇uǫ||2g +minV c], which forces ǫ
∫
V
||∇uǫ||2g
dvolg to tend to zero as ǫ goes to zero:
lim
ε−>0
ǫ
∫
V
||∇uǫ||2gdvolg = 0 (8)
Also for any φ ∈C2(V) multiplying equation (5) by the function φuǫ and integrating by
part gives : ∫
V
[
ǫ||∇uǫ||2gφ+ cu2ǫφ+ ǫ(∆φ)
u2ǫ
2
]
dvolg = λǫ
∫
V
φu2ǫdvolg (9)
where
∫
V
u2ǫ = 1. Because the first term and the last term on the left hand-side are
converging to zero (see 8), we obtain that
lim
ǫ→0
∫
V
φu2ǫ(c− λǫ)dvolg = 0.
But:
0 ≤
∫
V
(c−min
V
c)φu2εdvolg ≤
∫
V
(c− λǫ)φu2ǫdvolg = 0
lim
ε−>0
∫
V
(c−min
V
c)φu2ε = 0 (10)
Moreover if u denotes a weak limit of uǫ as ǫ goes to zero, relation (10) implies that
∀φ ∈ C1(V ) : ∫
V
(c−min
V
c)φu2dvolg = 0 (11)
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Hence if the set {P ∈ V | c(P ) = min
V
c} is of measure 0, we conclude that u = 0. Hence
all weak limits of uǫ are zero and the sequence uǫ concentrates, as we shall see shortly.
Note that relation (10) implies that for any ψ ∈ C(V ), which is zero in a neighborhood
of Cmin:
lim
ε−>0
∫
V
ψu2εdvolg = 0 (12)
If A is a measurable subset of V such that A ∩ Cmin = ∅, A denoting the closure of A,
applying (12) to a positive continuous function ψ with support disjoint from Cmin and
ψ ≥ 1 on A we get:
lim
ε−>0
∫
A
u2εdvolg = 0
In fact, we can prove that any sequence {εn|n ∈ N} converging to 0, contains a subse-
quence {εnk|k ∈ N} such that the corresponding uǫnk converges to a convex sum of Dirac
distributions located at the minimum points of c.We assume the uεn normalized so that∫
V
u2ǫn = 1. Consider the following decomposition∫
V
φu2ǫdvolg =
∑
P∈Cmin
∫
BP (δ)
((φ− φ(P )) + φ(P ))u2ǫdvolg+
∫
V−∪P∈CminBP (δ)
φu2ǫdvolg (13)
Relation (13)implies that:∫
V
φu2ǫdvolg−φ(P )
∑
P∈Cmin
∫
BP (δ)
u2ǫdvolg =
∑
P∈Cmin
∫
BP (δ)
(φ−φ(P ))u2ǫdvolg+
∫
V−∪P∈CminBP (δ)
φu2ǫdvolg
(14)
By the continuity of φ, given an η > 0, one can find a δ(η) > 0 such that |φ(x)−φ(P )| ≤ η
if x∈ BP (δ(η)), for all i. Hence with N=card Cmin:∣∣∣∣∣ ∑
P∈Cmin
∫
BP (δ(η))
(φ− φ(P ))u2ǫdvolg
∣∣∣∣∣ ≤ Nη
Relation (12) implies that:
lim
ε−>0
∫
V−∪P∈CminBP (δ(η))
φu2ǫdvolg = 0
After choosing a subsequence of {εn|n ∈ N}, still called {εn|n ∈ N}, if necessary, we can
assume that all the limits lim
n−>∞
∫
V
φu2ǫndvolg , limn−>∞
∫
BP (δ(η))
u2ǫndvolg, P ∈ Cmin, exist.
Relation (14) implies that after choosing a subsequence of:
lim
n−>∞
∣∣∣∣∣
∫
V
φu2ǫndvolg − φ(P )
∑
i
lim
n−>∞
∫
BP (δ(η))
u2ǫndvolg
∣∣∣∣∣ ≤ Nη. (15)
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Now note that lim
n−>∞
∫
BP (δ)
u2ǫn does not depend on δ.Let δ1, δ2, δ1 ≤ δ2. Then∫
BP (δ2)
u2ǫndvolg =
∫
BP (δ1)
u2ǫndvolg +
∫
BP (δ2)−BP (δ1)
u2ǫndvolg
Relation (12) implies that:
lim
n−>∞
∫
BP (δ2)−BP (δ1)
u2ǫndvolg = 0
Hence if one of the limits lim
n−>∞
∫
BPi (δ1)
u2ǫndvolg, limn−>∞
∫
BPi (δ2)
u2ǫndvolg exists, so does the
other and is equal to it. Set:
lim
n−>∞
∫
BP (δ(η))
u2ǫndvolg = γPi
Relation (15) implies that for any η > 0:∣∣∣∣∣ limn−>∞
∫
V
φu2ǫndvolg −
∑
i
φ(P )γP
∣∣∣∣∣ ≤ Nη
lim
n−>∞
∫
V
φu2ǫndvolg =
∑
i
φ(P )γP (16a)
φ ∈ C(V ) being arbitrary, (16a) shows that the sequence of measures uεnvolg converges
weakly (in the measure sense) to the measure
∑
P∈Cmin γP δP . Finally note that if we apply
(16a) to the constant function 1, we get:∑
P∈Cmin
γP = 1
Now we prove that sup
V
uǫ diverges to infinity. Because
∫
V
uǫ tends to zero, if sup
V
uǫ were
bounded, then using the following inequality, we get a contradiction with
1 =
∫
V
u2ǫ ≤ sup
V
uǫ
∫
V
uǫ,
as the right-hand side would converge to zero. Let Pǫ be a maximum point of uǫ. Because
the manifold is compact, it is possible to find a subsequence of Pǫ which converges to a
point P . centered at the point P . vǫ(x) =
uǫ(
√
ǫx+Pǫ)
sup
V
uǫ
and gǫ denotes the rescaled metric,
then the At a maximum point Pǫ, using the maximum principle, c(Pǫ) ≤ λǫ. Since λǫ
converges to the minimum of v, at the limit, c(P ) ≤ min c. This proves that P is a
minimum point. Using the fact that P is a nondegenerate minimum point, d(Pǫ, P ) ≤
Cǫ1/2.
We will use the following definition.
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Definition 1 The coefficient γP is given by, for all δ small enough,
γP = lim
n→∞
∫
BP (δ)
u2ǫndvolg
is called the concentration coefficient or the weight of the limit measure at point P ∈ Cmin.
The coefficient depends on the subsequence, but not on δ. This coefficient characterizes
the concentration measure at point P .
1.4 The first eigenvalue problem for the gradient case
We consider the limits of the first eigenfunctions as ǫ goes to zero when the vector field
b is the gradient of a Morse function. We establish a result similar to the one obtained
in the last paragraph : when ǫ converges to zero the limits of first eigenfunctions in the
weak topology of measures concentrate at the critical points of the field b.
Consider a Morse function φ and the vector field, b = ∇φ and a function c chosen such
that the eigenvalue λǫ of the operator ǫ∆g+ < b,∇. > +c is positive on the manifold. To
study the solutions of the PDE
ǫ∆guǫ+ < b,∇uǫ > +cuǫ = λǫuǫ, on V (17)
we use the transformation b = ∇φ = −2ǫ∇ lnψǫ (it is defined up to a constant) and
consider the new variable vǫ = uǫψǫ. Equation (17) is transformed into the following PDE
where the first order term disappeared.
ǫ2∆gvǫ + cǫvǫ = ǫλǫvǫ, on V
where cǫ = cǫ+
ǫ∆φ
2
+ (∇φ)
2
4
.
Using the theorem of the preliminary section, we obtain the following results :
Proposition 1 Suppose that the following condition is satisfied: at the critical points P
of the function φ, c(P )+∆φ(P )/2 ≥ 0. Let vǫ be a minimizer of the following variational
problem
ǫλǫ = inf
v∈H1(Vn)−{0}
ǫ2
∫
V
[ ||∇v||2g + cǫv2]dvolg∫
V
v2dvolg
then limǫ→0 ǫλǫ = min
V
||∇φ||2g = 0. The weak limits of the normalized measures e
−φ/ǫv2ǫ dvolg∫
V
e−φ/ǫv2ǫ dvolg
have their support in the set of critical points of φ. sup
V
vǫ tends to +∞ as ǫ goes to zero.
Proof. The proof is very similar to the proof of Theorem 1. Considering the one
parameter family of eigenfunctions, we obtain that:
lim
ǫ→0
∫
V
e−φ/ǫu2ǫcǫdvolg∫
V
e−φ/ǫu2ǫdvolg
= min
V
||∇φ||2g = 0
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and for all function ψ ∈ C(V ) we have
lim
ǫ→0
∫
V
e−φ/ǫu2ǫψdvolg∫
V
e−φ/ǫu2ǫdvolg
=
∑
i=1
{γPiψ(P )| P ∈ sing(b)}
where the concentration coefficient γPi is now defined by
γPi = lim
ǫ→0
∫
BPi (δ)
e−
φ
ε u2ǫdvolg∫
V
e−
φ
ε u2ǫdvolg
,
(the limit is independent of δ). The measure e
−φ/ǫu2ǫdvolg∫
V
e−φ/ǫu2ǫdvolg
converges weakly to
∑m
i=1 c
2
i δPi
where Pi are the critical points of the function φ or the zeros of the vector field b = ∇φ.
The proof follows exactly the same steps of the previous theorem.
Remark.
The gradient case teaches two things: one is that the concentration occurs on some specific
sets, related to the vector field and not to c and second that the role of c is to select the
subset of concentration.
1.5 The radial case : an example
In this paragraph we give an example where the recurrent sets of the vector field consists
of a limit cycle and the sequence of eigenfunction concentrates along this limit cycle. In
fact, we obtain in presence of radial symmetry a uniform distribution for the limit.
Consider an annulus A of Rn (A = {x ∈ Rn| 1/2 < ||x||Rn < 3/2}), and the radial
function uǫ, solution of the partial differential equation
ǫ∆guǫ+ < b,∇uǫ > +cuǫ = λǫuǫ, on A (18)
uǫ = 0, on the boundary ∂A,
where the field b is given by :
br = (1− r)
bθ = 1 (19)
and the function a is radial and positive. The field b has an attractive limit cycle at r = 1.
The problem reduces to:
ǫ(−∂rruǫ − ∂ruǫ
r
)+br.∂ruǫ + auǫ = λǫuǫ, on A (20)
uǫ = 0, on ∂A
br is the gradient of a function of r. Hence the results of the previous paragraph can be
applied here. The presence of a boundary does not invalidate these results because the
limit cycle is an attractor. As ǫ tends to zero, uǫ tends to a limit entirely supported by
the limit cycle (see also Friedman [2]).
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2 Blow up analysis with no vector fields
In the next sections, the limit measures are analyzed using a blow-up procedure. We shall
prove that as ε goes to 0, the eigenfunctions blow up in the neighborhood of some points
that are determined by the potential c and the vector field b. The speed with which these
eigenfunctions blow up can also be determined when b=0 or when b is a gradient field,
using the Lyapunov functions associated to the field.
The results differ substantially in the two cases. It appears that the correct scaling is
not the same in the case when there is only a potential c and the case where there are a
potential c and a vector field b.
The general case, where the field can have recurrent sets of integer dimension n ≥ 1
will be considered elsewhere. The concentration phenomenon is much more complicated,
depending on the set and on the chose of Lyapunov function. More important, it cannot
be studied by variational techniques, see [14].
In this section we determine exactly all the possible limits of the eigenfunctions as
ε tends to 0, when there is no field. The main result says that the limit measure is
concentrated on a subset of the minimum point of the potential c. This limit set is useful
in the study in the small noise limit, the movement of a random particle moving on a
Riemannian manifold in the presence of a killing potential c [15].
Moreover, we can explain the assumption 4, p.93 made by B. Simon ([30]) to study the
double-well potential problem when ǫ is small. The blow-up method provides a method
for the explicit computation of the concentration near a bottom well. This generalizes
also the results obtained in part 9 of [5] about the concentration of the eigenfunctions in
the case of Rm.
Let us recall the eigenfunction problem,
ǫ∆guǫ + cuǫ = λǫuǫ (21)∫
Vn
u2ǫdvolg = 1,
c is a Morse function and Cmin, denotes the subset of minimal points. Recall the quotient
Qǫ(v) =
∫
V
[
ǫ||∇u||2g + cu2
]
dvolg∫
V
u2dvolg
.
We shall now state and prove the main theorems of section 2. We introduce some concepts
which will be used in the proofs of these theorems.
Now a few words about the blow-up procedure. For each P ∈ Cmin, we choose a
normal coordinate system (x1, ...xm):UP −→ R , centered at P , defined on a domain UP
such that:
1. x1×...×xm(UP ) contains the closed ball BP (δ) centered at P and having radius
δ > 0.
2. for all i, j, 1≤ i, j≤ m, ∂2c
∂xi∂xj
(P ) = λi(P )δij.
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3. UP ∩ UQ = ∅ for all P,Q ∈ Cmin, P 6= Q.
In the following we will identifie UP with the open neighborhood of 0 in R
m, x1×...×xm(UP ).
For r such that BP (r)⊂ UP , BP (r) will denote both the geodesic ball centered at P and
of radius r in V or its image by the mapping x1×...×xm. For the sake of streamlining
the notations, we shall commit the abuse while working with the coordinate system (x1,
...xm):UP −→ R, of denoting by BP (r) the ball of center O and radius r whatever the
value of r(≥ 0 of course).On a manifold V let P be a point and a chart (U , x1, ...xm) of V
centered at P : xi(P )=0, 1 ≤ i ≤ m. The blow up of power t >0 associated to P and the
chart (U , x1, ...xm) is the diffeomorphism Blt : U → Rm, Blt(Q)=(1tx1(Q), ..., 1txm(Q)).
All functions, tensors, differential operators can the be transported to the open subset
Blt(U). Suitably normalized by a power of t, they will have limits when t goes to 0 which
will be defined on Rm. These limits contain a trove of information about the behaviour
of the original objects in the neighborhood (more precisely in the infinitesimal neighbor-
hood) of P. To simplify the notations we shall write:1
t
Q instead of Blt(Q),
1
t
A instead of
Blt(A) if A is a subset of U and so on.
In the following all the blow-ups will be associated to geodesic charts (U , x1, ...xm)
with pole at P . On the magnified set 14√εx1×...×xm(UP ), we can define the function wP,ε
blow up of the functionvε
vε
:
wP,ε(y) =
uε(y 4
√
ε)
uε
where uε=max
V
uε.
2.1 Main theorem
Definition 2 We define Λ as
Λ = inf
[
m∑
n=1
√
λn(R)|R ∈ Cmin
]
Theorem 2 Selection-Concentration.
• (i)For any P∈ Cmin,any sequence of vε’s, with ε tending to 0, contains a subse-
quence {uεn}, such that the sequence of blown-up functions wP,εn at P converges to
a function wP :R
m–>R+, both in the L
2norm and the C∞ topology.
• (ii) w satisfies the equation and inequality:
∆Ew +
m∑
i=1
λi(P )x
2
iw = λw
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0 < w ≤ max
Rm
w ≤ 1
where ∆E is the negative standard Euclidean Laplacian on R
m.
• (iii)If ∑mn=1√λn(P ) > Λ : then
wP = 0
• (iv) If ∑mn=1√λn(P ) = Λ and there exists a sequence S ⊂ N, such that each
uεn , n ∈S, has a maximum point Qn with the property that the sequence {Qn|n∈ S}
converges to P, then this function wP is:
wP (x) =
m∏
n=1
exp
(
−x
2
n
√
λn(P )
2
)
and
λ = Λ
• (v) If ∑mn=1√λn(P ) = Λ and no such subsequence S exists, then
λ = Λ
wP = fP
m∏
n=1
exp
(
−x
2
n
√
λn(P )
2
)
where fP is a factor ≥ 0,which depends on the sequence {uεn}.
• (vi) For any sequence ǫ′s, there exists at least one P ∈ Cmin and at least one
subsequence S for which the case (iv) occurs.
Remark. Note that in case (iv) the limit w is independent of the sequence {uεn}.
In order to prove the main theorem, we need two propositions. The first gives estimates
of the first eigenvalue and the second, estimates of the decay of the eigenfunctions.
2.2 Auxiliary propositions
Proposition 2 The first eigenvalue λǫ satisfies the following inequality
min
V
c ≤ λǫ ≤ min
V
c+ Λǫ1/2
where Λ = inf
[∑m
n=1
√
λn(P )|P ∈ Cmin
]
.
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Proof. For all u∈H1(V), Qǫ(u) ≥ min
V
c
∫
V
u2. Hence min
V
c ≤ λǫ. To prove the right
hand-side inequality, we will use a test function in the variational quotient Q. In the
neighborhood of a point P ∈ Cmin, consider the function:
φǫ = e
−∑ µix2i /2 − e− ρ2√ε , on NP (ρ)
= 0, on V –NP (ρ)
NP (ρ) is the connected component of the set {x|
∑m
i=1
√
λix
2
i ≤ ρ} containing 0, where
ρ is taken so small that NP (ρ) is contained in BP (δ). We take as coefficients µi =
√
λi
ǫ
where λi = λi(P ) for simplicity. In the coordinate system at P ,
gij(P ) = δij +O(||x||2Rm),√
detg = 1−
m∑
i,j=1
Ricij
6
xixj +O(||x||3
Rm),
Ric denotes the Ricci tensor. We denote
∏m
1 µi by µ and the quadratic form
∑
µi(x
i)2
by q. We recall that: ∫
R
e−µix
2
dx =
√
π
µi
,∫
R
x2e−µix
2
dx =
√
π
2µ
3/2
i
.
To evaluate the quotient Qε(uε), we compute the leading terms in ǫ of the integrals µ∫
NP (ρ)
||∇φǫ||2g dvolg∫
NP (ρ)
cφ2ǫdvolg,
∫
NP (ρ)
(||∇φǫ||2g)dvolg =
∫
NP (ρ)
m∑
i,j=1
gij
∂φε
∂xi
∂φε
∂xj
√
det gdx,
where gij is the matrix inverse of gij and dx is the Lebesgue volume.∫
NP (ρ)
(||∇φǫ||2g)dvolg =
∫
NP (ρ)
[
m∑
i=1
µ2ix
2
i +
m∑
i,j,k=1
aijkxixjxk
]
e−qdx,
where the functions aijk are defined C
∞ and bounded on BP (δ). Performing the blow-up
at P i.e. the change of variable zi = xi
√
µi,∫
NP (ρ)
(||∇φǫ||2g)dvolg =
∫
B(0, ρ4√ε )
[
m∑
i,j=1
µiz
2
i +
m∑
i,j,k=1
aijk(x)
zizjzk√
µiµjµk
]
exp
(−||z||2
Rm
) dz√
µ
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where µ =
∏m
i=1 µi.
ε
∫
NP (ρ)
(||∇φǫ||2g)dvolg =
πm/2√
µ
[
n∑
i=1
√
ǫλi
2
+O(ε
7
4 ).
]
We will now evaluate the potential term:∫
NP (ρ)
cφ2ǫdvolg =
∫
NP (ρ)
φ2ǫ
[{
c(P ) +
m∑
k=1
λix
2
i +O(||x||3Rm)
}(
1− Ricij(P )
6
xixj +O(||x||3
Rm
)]
dx
= c(P )
∫
NP (ρ)
φ2ǫdx+
∫
NP (ρ)
φ2ǫ
[
m∑
k=1
(
λi − c(P )Ricii(P )
6
)
x2i +
m∑
i,j,k=1
bijkxixjxk
]
dx
where the functions aijk are defined C
∞ and bounded on B(δ). With the same change of
variables, after expanding the square u2ǫ(x) = e
−q − 2e−q/2−ρ/2√ε + e−ρ/√ε we get:∫
NP (ρ)
x2iφ
2
ǫdx =
πm/2
2
√
µ
√
ε
λi(P )
+Ow(e
−ρ/2√ǫ).
Ow(exp− ρ√ε) means that for any η ∈ [0,1[, there exists a constant K(η) independant
of ε sucht that the error is at most equal in absolute value to K(η)exp
[
− ηρ√
ε
]
. An easy
symmetry argument shows that:
∫
NP (ρ)
xixjφ
2
ǫdx = 0 if i 6= j
The potential term in the integral becomes:∫
NP (ρ)
cφ2ǫ =
πm/2√
µ
(
c(P ) +
1
2
m∑
i=1
(λi − c(P )Ricii(P )
6
)
√
ǫ
λi
+O(ε
3
2 )
)
Also: ∫
V
φ2εdvolg = 1−
m∑
i=1
Ricii(P )
12
√
ǫ
λi
+Ow(e
−ρ/2ǫ1/2)
The quotient can now be evaluated:
Qǫ(u) =
ǫ
∫
V
[||∇u||2g + cu2] dvolg∫
V
u2dvolg
Qε(φε) =
πm/2√
µ
(∑m
i=1
√
ελi
2
+ c(P ) +
∑m
i=1(λi − c(P )Ricii(P )6 )
√
ǫ
λi
+O(ε
3
2 )
)
πm/2√
µ
+
∑m
i=1
Ricii(P )
6
√
ǫ
λi
+ o(e−ρ/4ǫ1/2)
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Qε(φε) =
c(P )
[
1−∑mi=1 Ricii(P )12 √ ǫλi ]+∑mi=1√ελi +O(ε 32 ))
1−∑mi=1 Ricii(P )12 √ ǫλi +Ow(e−ρ/2ǫ1/2)
If we use the fact that c(P ) = min
V
c, the quotient can be simplified as follows
Qǫ(φε) = min
V
c+
∑m
i=1
√
λiǫ+O(ε
3
2 )
1 +
∑m
i=1
Ricii(P )
12
√
ǫ
λi
+Ow(e−ρ/2ǫ
1/2)
If we take the minimum over all test functions centered at any critical points of the set
of minimal points Cm, we obtain the estimate:
min
V
c ≤ λǫ ≤ Qǫ(φε) ≤ min
V
c+inf
{
m∑
i=1
√
λi(P )ǫ|P ∈ Cmin
}
+O(ε) ≤ min
V
c+Λǫ1/2+O(ε).
Remark: We expect in general for smooth potential that there exists an asymptotic
expansion:
λǫ =
n∑
k=0
ckǫ
k/2 + o(ǫn/2).
If it does exist can one find a systematic procedure to compute the coefficients ck? From
the previous result, we have that
c0 = min c,
which is the Topological Pressure. We will see in the following results that
c1 = inf
{
m∑
i=1
√
λi(P )|P ∈ Cmin
}
.
Proposition 2 provides an estimate of the velocity of convergence of the sequence of
maximum points Qǫ of uε to an element of Cmin.
Lemma 1 (i)If for a sequence ǫn tending to zero, limn→∞
∫
V
u2ǫndvolg > 0 , then
lim
n→∞
sup
V
uǫn = +∞.
Proof. (i)Suppose that for a subsequence εn, still denoted by εn, limn→∞ supV uǫn < +∞.
Then for all n, supV uǫn ≤ N , a constant. For any η > 0, chose an open neighborhood K
of Cmin, such that volg(K) is smaller than
η
2N
. Now∫
V
u2ǫndvolg =
∫
K
u2ǫndvolg +
∫
V−K
u2ǫndvolg
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∫
V
u2ǫndvolg =
∫
K
u2ǫndvolg + sup
V
uǫn
∫
V−K
u2ǫn
sup
V
uǫn
dvolg
By Appendix II,
u2ǫn
supV uǫn
–>0 uniformly on V − K. Hence limn→∞
∫
V
u2ǫndvolg ≤ η.
Because η is arbitrary, limn→∞
∫
V
u2ǫndvolg = 0. A contradiction.
Recall that dg denotes the Riemmanian distance associated to the metric g,
Lemma 2 For each ε, let us denote by Mε the set of all maximum points of vε. There
exists a constant A depending only on c, such that:
sup
q∈Mε
d2g(q, Cmin) ≤ Aǫ1/2
It follows from this that the set of limit points of the set of maximum points of vε is
contained in Cmin.
Proof. Let q∈ Mε. Recall ǫ∆guǫ(q) + c(q)uǫ(q) = λǫuǫ(q). Because the solution uε is
positive and ∆guǫ(q) ≥ 0, at the maximum point q of uε, c(q) ≤ λε. By Proposition 2,
0 ≤ c(q)−min
V
c ≤ λǫ−min
V
c ≤ Λǫ1/2. Because the critical points of c are non-degenerate,
it is easy to see that there exists a constant Γ depending only on c such that for P ∈ V ,
d2g(P , Cmin)≤ Γ(c(P )–min
V
c). Take A=ΓΛ.
Remark. This result proves that any sequence of ε′s converging to 0, contains a subse-
quence {εk|k ∈ N} such that there exists a P ∈ Cmin and a vector P*∈ TPV with the
property:
Pǫ = expP (ǫ
1/4P ∗ + o(ǫ1/4)).
The length ||P ∗|| of the vector P ∗ is the distance between the peak of concentration and
the set Cmin in the blow up space. It can be considered as a measure of the convergence
velocity.
We have so far computed an estimate of the rescaled eigenvalue
λǫ−minVm c
ǫ1/2
. Now we
will provide an estimate of the eigenfunction in the neighborhood of the points in Cmin.
Let P be a point in Cmin. Recall that wε =
uε
uε
and uε = max
V
uε.
Proposition 3 For all ε0 ∈]0, 1[:
• (i) sup
]0,ε0]
∫
BP (δ/
4
√
ε)
wε(y)
2dy < +∞. More generally, for any continuous function
f : [0, 1]× Rm—>R, (ǫ, y)—>f(ǫ, y), having at most polynomial growth at infinity,
sup
]0,ε0]
∫
BP (δ/
4
√
ε)
f(ǫ, y)wε(y)
2dy < +∞
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• (ii) the set of restrictions w2ε |BP (δ/ 4
√
ε), ε ∈]0, 1], of the w2ε to the balls BP (δ/ 4
√
ε)
satisfies the following condition: for any η > 0, there exists a compact K ⊂ Rm and
a ε(η) > 0 such that ∫
BP (δ/
4√ε)−K
f(ǫ, y)wε(y)
2dy ≤ η,
for all ε ∈]0, ε(η)].
2.3 Proof of the Proposition 3
To start with, rewrite equation (21) as follows
√
ǫ∆guǫ +
c−minVm c
ǫ1/2
uǫ =
λǫ −minVm c
ǫ1/2
uǫ
Introducing the notations cǫ =
c−minVm c
ǫ1/2
and µǫ =
λǫ−minVm c
ǫ1/2
for simplicity, we have:
√
ǫ∆guǫ + cεuǫ = µεuǫ
The function e−tµε υε(x) is the solution of the parabolic Cauchy problem:
∂p
∂t
= −√ǫ∆gp− cǫp
p(0, x) = uǫ(x).
Note that the sequence µǫ is bounded. We estimate wε in the ball BP (δ), using the fact
that the restriction of the function e−µǫtvǫ(x) to BP (δ) is the solution of the parabolic
initial- boundary value problem:
∂p
∂t
= −√ǫ∆gp− cǫp
p(0, x) = uǫ(x)
p(t, x)|∂BP (δ) = uǫ(x)|∂BP (δ)e
−µǫt.
In the coordinate system at P ,
∂p
∂t
=
√
ǫ
m∑
i,j=1
gij
∂2p
∂xi∂xj
−√ǫ
m∑
k=1
Bk
∂p
∂xk
− cǫp,
where
Bk = −
m∑
i,j=1
gijΓkij.
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For x∈ BP (δ), the solution is given by the Feynman-Kac formula with boundary term:
e−µǫtuǫ(x) = Ex
(
e−µǫtuǫ(Xǫ(t))χ(t<τxǫ )e
− ∫ t0 cǫ(Xǫ(s)ds))+Ex (e−µǫτxε uǫ(Xǫ(τxε ))χ(t>τxǫ )e− ∫ τxǫ0 cǫ(Xǫ(t))ds)
(22)
where Xε(t) is the process starting at x at time 0 and satisfying the Itoˆ equation:
dXε(t) =
√
εB(Xε(t)) +
4
√
εσ(Xε(t))dW (t) for t ≤ τUε (23)
where W (t) is a standard m dimensional Brownian motion and σ:U −→End(Rm) is the
positive definite square root of the matrix function (2gij). τxε is the first exit time from
the ball BP (δ), of the process Xε, starting at x. Let uε = max
V
uε. Then equation (22)
implies the inequality:
uǫ(x)
uε
≤
[
Ex
(
χ(t<τxǫ )e
− ∫ t
0
cǫ(Xǫ(s))ds
)
+ Ex
(
eµε(t−τ
x
ε )
uǫ(X(τε))
uε
χ(t>τxǫ )e
− ∫ τxǫ0 cǫ(Xǫ(s))ds)]
(24)
for x ∈ BP (δ). Let us define:
I = eµǫtEx
(
uǫ(X(τε))
uε
χ(t>τxǫ )e
− ∫ τxǫ0 cǫ(Xǫ(s))ds)
II = Ex
(
χ(t<τxǫ )e
− ∫ t0 cǫ(Xǫ(s))ds)
We estimate the terms I, II independently.
Estimate of I
To estimate the boundary term I in inequality (24), we apply the results proved in Ap-
pendix 2 to the equation(21) taking ψ=c–min
V
c, b=0, cε = min
V
c–λε and ε = ε. Then for
any integer k, any compact subset C disjoint from the set Cmin, there exists a positive
constant A(k, C) such that for ε ∈]0, 1]:
max
C
uǫ ≤ A(k, C)εkvε
Taking C =V-∪{BP (δ)|P ∈ Cmin} :
I = eµǫtEx
(
uǫ(Xε(τ
x
ε ))
uε
e−
∫ τxǫ
0 cǫ(Xε(s))ds
)
≤ eµǫtA(k, δ)ǫk
Estimate of II
Let α be a number in ]0, 1
6
[. Assume that ε<1. We split II as follows:
II = Ex
(
χ1χ(t<τxǫ )e
− ∫ t
0
cǫ(Xǫ(s))ds
)
+ Ex
(
(1− χ1)χ(t<τxǫ )e−
∫ t
0
cǫ(Xǫ(s))ds
)
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where χ1 is the characteristic function of the set
{
sup
[0,t]
||Xε(s)||Rm ≥ δεα
}
.
II = III + IV
Because cε is non negative and α <
1
6
:
III = Ex
(
χ1χ(t<τxǫ )e
− ∫ t
0
cǫ(Xǫ(s))ds
)
≤ Px
[
sup
[0,t∧τxε ]
||Xε(t)||Rm ≥ δεα
]
We have:
Xε(t ∧ τxε ) =
√
ε
∫ t∧τxε
0
B(Xε(s)) +
4
√
ε
∫ t∧τxε
0
σ(Xε(s))dW (s)
Now sup
[0,t∧τxε ]
||Xε(t)||Rm ≤ δ. Hence ||
√
ε
∫ t∧τxε
0
B(Xε(s))||Rm ≤ tM1
√
mε , where M1 =
sup
x∈B(δ)
||B(x)||Rm. Then a well known lemma (see [34]) shows that if δεα > ||x||Rm +
tM1
√
mε,
Px
[
sup
[0,t∧τxε ]
||Xε(t)||Rm ≥ δεα
]
≤ 2m exp− [δε
α − ||x||Rm − tM1
√
mε]2
2mM2t
√
ε
,
where M= sup
BP (δ)
||σ(x)||Rm. It is clear that:
Ex
(
χ1χ(t<τxǫ )e
− ∫ t
0
cǫ(Xǫ(s))ds
)
≤ Ex(χ1χ(t<τxǫ )).
Hence if ||x||Rm + tM1
√
ε < δεα:
Ex
(
χ1χ(t<τxǫ )e
− ∫ t
0
cǫ(Xǫ(s))ds
)
≤ 2m exp− [δε
α − (||x||Rm + tM1
√
mε)]2
2mM2t
√
ε
.
To estimate the second integral IV = Ex
(
(1− χ1)χ(t<τxǫ )e−
∫ t
0 cǫ(Xǫ(s))ds
)
, let us define the
process Yǫ(t) for t < τ
U
ǫ = first exit time of the process Xε from UP :
Yǫ(t) =
Xε(t)
4
√
ε
Then:
dYε(t) =
4
√
εB(Xε(t)) + σ(Xε(t))dW (t)
Yε(t) = Yε(0) +
4
√
ε
∫ t∧τUǫ
0
B(Xε(s))ds+
∫ t∧τUǫ
0
σ(Xε(s))dW (s)
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for t ≤ τUε .But using the definition of σ and the system of coordinates (x1, ...xm):
σ(x) =
√
2(Idm + Φ(x))
where Φ:U—>End(Rm) is a C∞matrix function such that :
Φij(x) =
m∑
k,l=1
Φijkl(x)xkxl
Its value at P is:
Φijkl(P ) = −1
6
(Riklj(P ) +Rilkj(P )),
σ(Xε(t)) =
√
2(Idm +
√
εΦ̂(ε, Yε(t)))
where Φ̂(ε, Yε) is a matrix function such that:
Φ̂ij(ε, Yε(t)) =
m∑
k,l=1
Φijkl(
4
√
εYε(t))Yε,k(t)Yε,l(t)
Also the components of the field B :
Bi(x) =
m∑
j=1
Bij(x)xj
Hence:
B(Xε(t)) =
4
√
εB̂(ε, Yε(t))
B̂i(ε, y) =
m∑
j=1
Bij(y
4
√
ε)yj
Finally:
Yε(t) = Yε(0) +
√
2W (t) + Zε(t)
Zε(t) =
√
ε
∫ t∧τUǫ
0
B̂(ε, Yε(s))ds+
√
2ε
∫ t∧τUǫ
0
Φ̂(ε, Yε(s))dW (s)
To estimate IV, we split it into V and VI, choosing a β ∈[0, α[:
V = Ex
(
(1− χ1)χ(t<τxǫ )e−
∫ t
0
cǫ(Xǫ(s))ds; sup
[0,t]
||Zε(s)||Rm ≥ εβ
)
VI = Ex
(
(1− χ1)χ(t<τxǫ )e−
∫ t
0
cǫ(Xǫ(s))ds; sup
[0,t]
||Zε(s)||Rm < εβ
)
25
Estimate of V
We shall use a variant of the inequality (37.9) stated in ([28] p.78):
P{sup
[0,t]
||Ms|| ≥ y; [M ]t ≤ K} ≤ 2m exp
(
− y
2
2mK
)
, (25)
where M is a continuous local martingale, 0 at t=0. We apply this formula to Mt =
Zε(t) − 4
√
ε
∫ t
0
B̂(ε, Yε(s))ds =
√
2 4
√
ε
∫ t
0
Φ̂(ε, Yε(s))dW (s) stopped at τ
x
ε , the exit time of
the process Xε from BP (δ).
Note that :
(1− χ1)||
√
εΦ̂(ε, Yε(s))||End(Rm) ≤ C2δ2ε2α
and that:
(1− χ1)||
√
εB̂(ε, Yε(s))||Rm ≤ C3δεα+ 14 ,
for some constants C2 depending only on the values of σ on BP (δ), C3 depending only
on the values of the vector field B on BP (δ). Thus we have:
{sup
[0,t]
||Ms|| ≥ y;χ1 = 0} ⊂ {sup
[0,t]
||Ms|| ≥ y; [M ]t ≤ t(C2δ2ε2α)2}
Recall that:
[M ]t = 2
√
ε
∫ t∧τεx
0
tr[Φ̂(ε, Yε(s))Φ̂(ε, Yε(s))
∗]ds,
[M ]t ≤ 2
∫ t∧τεx
0
|| 4√εΦ̂(ε, Yε(s))||2End(Rm)ds.
Hence:
V ≤ Px{Zε(t) ≥ εβ;χ1 = 0}
V ≤ P{sup
[0,t]
||Ms|| ≥ εβ − tC3δεα+ 14 ; [M ]t ≤ t(C2δ2ε2α)2}
V ≤ 2m exp−(ε
β − tC3δεα+ 14 )2
2mtC22δ
4ε4α
.
Estimate of VI
By Taylor formula there exist a constant C1 > 0 depending only on the function c such
that for x∈ UP :
|c(x)− c(P )−
m∑
n=1
λnx
2
n| ≤ C1||x||Rm
m∑
1
λix
2
i
Then, recalling that c(P)=min
V
c and cε=
c−minVm c√
ǫ
for t<τUε :
(1− 4√εC1||Yε(t)||Rm)
m∑
1
λiYε,i(t)
2 ≤ cε(Xǫ(t)) ≤ (1 + 4
√
εC1||Yε(t)||Rm)
m∑
1
λiYε,i(t)
2
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For the sake of simplicity let us denote the positive definite quadratic form
∑m
1 λiX
2
i by
q(X). Given any σ > 0, any a, b ∈ Rm we have:
(1− σ)q(a) + (1− 1
σ
)q(b) ≤ q(a+ b) ≤ (1 + σ)q(a) + (1 + 1
σ
)q(b). (26)
Now:
q(Yε(t)) = q(Yε(0) +
√
2W (t) + Zε(t)).
Using the inequality (26) taking a=Yε(0) +
√
2W (t), b=Zε(t), σ = 1 :
q(Yε(t)) ≥ 1
2
q(Yε(0) +
√
2W (t))− q(Zε(t)). (27)
Hence setting y= x4√ε = Yε(0),for y∈ B(δεα−
1
4 ):
VI = Ey
(
(1− χ1)χ(t<τxǫ )e−
∫ t
0 cǫ(
4
√
εYǫ(s))ds; sup
[0,t∧τxε ]
||Zε(s)||Rm < εβ
)
VI ≤ Ey
(
(1− χ1)χ(t<τxǫ ) exp−(1− δ 4
√
εC1)
∫ t
0
q(Yε(s))ds; sup
[0,t∧τxε ]
||Zε(s)||Rm < εβ
)
VI ≥ Ey
(
(1− χ1)χ(t<τxǫ ) exp−(1 + δ 4
√
εC1)
∫ t
0
q(Yε(s))ds; sup
[0,t∧τxε ]
||Zε(s)||Rm < εβ
)
Using the inequality(27):
VI ≤ Ey
[
(1− χ1)χ(t<τxǫ ) exp(1− δ 4
√
εC1)
∫ t
0
q(Zε(s)ds−
(1− δ 4√εC1)1
2
∫ t
0
q(y +
√
2W (t))ds; sup
[0,t∧τxε ]
||Zε(s)||Rm < εβ
]
VI ≤ C4(δ, ε, t)E0
(
exp−(1− δ 4√εC1)1
2
∫ t
0
q(y +
√
2W (s))ds
)
where:
C4(δ, ε, t) = exp
(
(1− δ 4√εC1)t
√
εmax{q(v)| ||v||Rm < εβ}
)
C4(δ, ε, t) = exp
(
1− δ 4√εC1)ε 12+2β max{q(v)| ||v||Rm < 1}
)
.
Note that C4(δ, ε, t)—>1 as ε—>0 (keeping t fixed). Let us estimate the expectation
E0
(
exp−(1− δ 4√εC1)12
∫ t
0
q(y +W (t))ds
)
. For simplicity set a(ε) = (1− δ 4√εC1). Then:
E0
(
exp−a(ε)
2
∫ t
0
q(y +
√
2W (t))ds
)
= Πmi=1E0
(
exp−a(ε)
2
∫ t
0
λi(yi +
√
2Wi(s))
2ds
)
where y=(y1, ...ym) and W(t)=(W1(t), ..., Wm(t)).
To find the value of E0
(
exp−a(ε)
2
∫ t
0
λi(yi +
√
2Wi(s))
2ds
)
we use the following lemma:
27
Lemma 3 Consider w(s) the Brownian motion in R, a positive real number λ > 0 and
the function zλµ:
(x, t) ∈ R× R+ → Ex
[
e−
∫ t
0 λ(µw(s)+w(s)
2)ds
]
where Ex is the expectation for a process starting at a point x. Then z
λ
µ is a bounded
solution of the parabolic equation,
∂z
∂t
=
1
2
∂2z
∂x2
− λ(x2 + µx)z, for x ∈ R, t ≥ 0 (28)
z(0, x) = 1.
For all x ∈ R,t≥ 0,the solution is given by
zλµ(x, t) =
1√
cosh(t
√
2λ)
exp (−
√
λ tanh(t
√
2λ)√
2
(
x+
µ
2
)2
+
λµ2t
4
)
and the value of the expectation at the origin 0 is,
zλµ(x, t) =
1√
cosh(t
√
2λ)
exp (−
√
λ tanh(t
√
2λ)√
2
(µ
2
)2
+
λµ2t
4
).
Assuming the lemma we pursue the evaluation of :
E0
(
exp−a(ε)
2
∫ t
0
λi(yi +
√
2Wi(s))
2ds
)
= e−
a(ε)tλiy
2
i
2 Eyi
(
exp−a(ε)
2
∫ t
0
λi[2
√
2yiwi(s) +
√
2Wi(s)
2]ds
)
E0
(
exp
[
−a(ε)
2
∫ t
0
λi(yi +
√
2Wi(s))
2ds
])
=
e−
a(ε)tλiy
2
i
2√
cosh(t
√
2a(ε)λi)
exp−
(√
a(ε)λi tanh(t
√
2a(ε)aλi)
2
√
2
y2i +
a(ε)λiy
2
i t
2
)
,
and
E0
(
exp
[
−a(ε)
2
∫ t
0
λi(yi +
√
2Wi(s))
2ds
])
=
exp
(
−
√
a(ε)λi tanh(t
√
2a(ε)λi)
2
√
2
y2i
)
√
cosh(t
√
2a(ε)λi)
.
Finally:
VI ≤ C4(δ, ε, t)
⊓mi=1
√
cosh(t
√
2a(ε)λi)
exp
(
−
m∑
i=1
√
a(ε)λi tanh(t
√
2a(ε)λi)
2
√
2
y2i
)
.
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End of the proof of Proposition 3
Now we can wrap up the proof of Proposition 3. For any α ∈]0, 1
6
[, any β ∈]0, α[ , any
ε ∈]0, ε0] where ε0<1 depends only on α, β, δ and any integer k, we get the estimate if
x∈ BP ( δεα2 ):
uǫ(x)
uε
e−µεt ≤ A(k, δ)ǫk + C4(δ, ε, t)
⊓mi=1
√
cosh(t
√
2aλi)
exp
(
−
m∑
i=1
√
a(ε)λi tanh(t
√
2a(ε)λi)
2
√
2ε
x2i
)
+ 2m
[
exp−(ε
β − tC3δεα)2
2mtC22δ
4ε4α
+ exp− [
δεα
2
−M1
√
ε)]2
2mtM2
√
ε
]
Define the function wε:BP (δ)→ R+,
wε(y) =
uǫ(y 4
√
ε)
uε
Then for y∈BP (δ/ε 14−α):
wε(y)e
−µεt ≤ A(k, δ)ǫk + C4(δ, ε, t)
⊓mi=1
√
cosh(t
√
2aλi)
exp
(
−
m∑
i=1
√
a(ε)λi tanh(t
√
2a(ε)λi)
2
√
2
y2i
)
+ 2m
[
exp−(ε
β − tC3δεα)2
2mtC22δ
4ε4α
+ exp− [
δ
2
− tM1
√
ε)]2
2mtM2
√
ε
]
We want to estimate sup{wε(y)| y∈ BP (δ/ε 14 )}.
sup{wε(y)|y ∈ BP (δ/ε 14 )} ≤ sup{wε(y)| y ∈ BP (δ/ε 14 )− BP (δ/2ε 14−α)},
sup{wε(y)|y ∈ BP (δ/ε 14 )} ≤ sup{wε(y)|y ∈ BP (δ/2ε 14−α)})
sup{wε(y)| y ∈ BP (δ/ε 14 )− BP (δ/2ε 14−α)} ≤ sup{uε(x)
uε
| x ∈ BP (δ)− BP (δεα/2)}
Using Appendix 2 as in the evaluation of the boundary integral I, taking ε = ε, b=0,
ψ = c−min
V
c, cε = min
V
c–λε we get for all n ≥ 1
sup{uε(x)
uε
| x ∈ BP (δ)− BP (δεα/2)} ≤ C(n) ε
n
3
(min ψ)n
where min ψ is the minimum of ψ on BP (δ)−BP (δεα/2) and C(n) is a constant depending
on the data g, c and on n but not on ε. Now there exists a constant Q>0, such that for
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all x ∈V, c(x) ≥ min
V
c+Qdg(x, Cmin)
2. Hence min ψ ≥ Q
4
(δεα)2. Since α < 1
6
, we see that
for any k∈ N, there exists a constant γ(k) > 0, depending on δ, such that:
sup{uε(x)
uε
| x ∈ BP (δ)−BP (δεα/2)} ≤ γ(k)εk
Hence:
sup{wε(y)| y ∈ BP (δ/ε 14 )− BP (δ/2ε 14−α)} ≤ γ(k)εk
Finally for x∈ BP (δ):
e−µεt
uε(x)
uε
≤ C4(δ, ε, t)∏m
i=1
√
cosh(t
√
2a(ε)λi)
exp
(
−
m∑
i=1
√
a(ε)λi tanh(t
√
2a(ε)λi)
2
√
2ε
x2i
)
+
+(A(k, δ) + γ(k))ǫk + 2m
[
exp−(ε
β − tC3δεα)2
2mtC22δ
4ε4α
+ exp− [
δεα
2
− tM1√ε)]2
2mtM2
√
ε
]
Equivalently, for all y∈ BP (δ/ 4√ε):
wε(y)e
−µεt ≤ C4(δ, ε, t)∏m
i=1
√
cosh(t
√
2a(ε)λi)
exp
(
−
m∑
i=1
√
a(ε)λi tanh(t
√
2a(ε)λi)
2
√
2
y2i
)
+
(29)
+(A(k, δ) + γ(k))ǫk + 2m
[
exp−(ε
β − tC3δεα)2
2mtC22δ
4ε4α
+ exp− [
δεα
2
− tM1
√
ε)]2
2mtM2
√
ε
]
Given a function f as in the statement of Theorem 2, for any integer N such that sup
ε,y
|f(ε,y)|
1+||y||N
Rm
< +∞, for any integer k > m
8
+N inequality(29)implies that
sup
]0,ε0]
∫
BP (δ/
4√ε)
|f(ε, y)|w(y)2dy < +∞
This is the statement (i) of Proposition 3.
(ii)Fixing t and choosing an integer k>m
8
+N , we have:
lim
ε–>0
vol(BP (δ/
4
√
ε)
[
1 +
(
δ
4
√
ε
)N] [
A(k, δ)ǫk + γ(k)ǫk + 2m exp−(ε
β − tC3δεα)2
2mtC22δ
4ε4α
+2m exp− [
δεα
2
− tM1
√
ε)]2
2mtM2
√
ε
]2
e2tµε = 0
Hence there exists an ε1(η) such that for all ε ∈]0, ε1(η)]:
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1. (εβ − tC3δεα)2 ≥ ε2β2 ,
2. [ δε
α
2
− tM1
√
ε)]2 ≥ δ2ε2α
16
,
3. a (ε) = (1− δ 4√εC1) ≥ 12 , As a consequence there exists an ε(η, t, k), 0 ≤ ε(η, t, k) ≤
ε1(η), such that for ε ∈]0, ε(η, t, k)]
4. vol(BP (δ/ 4
√
ε)
(
(A(k, δ) + γ(k))ǫk + 2m
[
exp− (εβ−tC3δεα)2
2mtC22 δ
4ε4α
+ exp− [ δε
α
2
−tM1√ε)]2
2mtM2
√
ε
])2
e2tµε ≤
η
4
.
Then we can choose a ball Bm(P, R) such that for all ε ∈]0, ε(η, t, k)] :∫
Rm−Bm(0,R)
 C4(δ, ε, t)∏m
i=1
√
cosh(t
√
2a(ε)λi)
exp
(
−
m∑
i=1
√
a(ε)λi tanh(t
√
2a(ε)λi)
2
√
2
y2i
)2 e2tµεdy ≤ η
4
These two inequalities prove the statement (ii) of Proposition 3.
2.3.1 Proof of Lemma 3
The fact that the function zλµ satisfies equation (28) is a consequence of Feynman-Kac
formula ([29]). Making the change of coordinate x→ x− µ/2, the problem becomes:
∂z
∂t
=
1
2
∂2z
∂x2
− λ(x2 − µ
2
4
)z
z(0, x) = 1
To solve this equation, by the uniqueness of solutions for the Cauchy problem for the
parabolic equation ([24]), it is enough to find a solution of the type e−φ(t)x
2+ψ(t). A simple
computation leads to the two coupled equations:
φ˙+ 2φ2 = λ
ψ˙ + φ =
λµ2
4
which can be solved easily using the initial condition at time zero,
φ(t) =
√
λ
2
tanh(t
√
2λ)
ψ(t) = −1
2
log cosh(t
√
2λ) +
λµ2t
4
so we obtain the expression
zλµ(x, t) =
1√
cosh(t
√
2λ)
exp
(
−
√
λ tanh(t
√
2λ)√
2
(
x+
µ
2
)
2 +
λµ2t
4
)
.
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2.4 Proof of the main theorem
We use the notations of the preceding sections. Because x = (x1, .., xm) is a normal
coordinate system centered at P ∈ Cmin, the eigenfunction wε satisfies the following
renormalized equation, derived from equation (21), in the blown up coordinates, y = 4
√
ǫx:
∆gǫwǫ +
c( 4
√
εx)−min
V
c
2
√
ε
wǫ =
λǫ −min
V
c
2
√
ε
wǫ, in
1
4
√
ε
Ω =
1
4
√
ε
x1 × ...× xm(U) (30)
where gǫ is the metric rescaled by ǫ, converging to the Euclidean metric uniformly on
every compact set of Rm in the C∞ topology:
gε,ij(y) = gij(y
4
√
ε), on
1
4
√
ε
Ω
∆gǫw = −
m∑
i,j=1
gij(y 4
√
ε)
∂2w(y)
∂yi∂jy
+
m∑
i,j=1
4
√
εgij(y 4
√
ε)Γkij(y
4
√
ε)(
∂w(y)
∂yk
)
Remark that all coefficients of the partial differential equation (30) are bounded. In
particular this term is bounded with ǫ. By Lemma 2, the quantity λǫ−minV c
ǫ1/2
is bounded
and nonnegative.
By the classical theory of elliptic partial differential equations, since wǫ is bounded by
1 for all ε, any sequence {wǫn} with εn tending to 0 contains a subsequence, still denoted
by {wǫn} for simplicity, which converges to a solution of the following elliptic equation
in the C∞ topology:
∆Ew +
m∑
n=1
λny
2
nw = λw on R
m (31)
where:
λ = lim
n—>∞
λǫn −minV c
ǫ
1/2
n
and for simplicity:
λn = λn(P )
For every compact K∈ Rm :∫
K
w(y)2dy = lim
n−−>∞
∫
K
wεn(y)
2dy ≤ sup
]0,ε0]
∫
BP (δ/
4
√
ε)
wε(y)
2dy < +∞
Hence w∈ L2(Rm) and ||w||L2(Rm) ≤ lim
n−−>∞
||wεn||L2(Rm). In fact w= lim
n−−>∞
wεn in L
2(Rm).
To see this assume that inf
n
||wεn−w||L2(Rm) ≥ ξ > 0. By (ii) of Proposition 3 and the fact
that w∈ L2(Rm), we can find a compact K and an integer N1 such that
∫
Rm−K wεn(y)
2dy ≤(
ξ
4
)2
if n ≥ N1, and
∫
Rm−K w(y)
2dy ≤ ( ξ
4
)2
.
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Now there exists an integer N2 such that
∫
K
(wεn(y)− w(y))2 dy ≤
(
ξ
4
)2
if n≥ N2.
Then for n≥ max(N1, N2), ||wεn−w||2L2(Rm) ≤ 3
(
ξ
4
)2
.This contradicts the assumption inf
n
||wεn − w||L2(Rm) ≥ ξ > 0.
Since w is not zero, equation (31) is an eigenvalue problem. To determine the solutions
to this problem, consider the unbounded operator L:D −→ L2(Rm),
Lw = ∆Ew +
m∑
i=1
λiy
2
iw (32)
and
D =
{
u ∈ L2(Rm)|u ∈ H2(Rm), [
m∑
n=1
λny
2
n]u ∈ L2(Rm)
}
,
L is a self adjoint operator, the spectrum of which we want to compute.
Let us introduce the one dimensional unbounded operators Ln:D1—>L
2(R) where
D1={u ∈ L2(R)|u ∈ H2(R), ux2 ∈ L2(R)}. Lnu = −d2udy2 + λny2u, Ln is a self adjoint
operator, the Hermite operator. It is well known that L2(Rm) can be identified to the
m-fold projective tensor product L2(R)⊗̂L2(R)⊗̂..., ⊗̂L2(R).Then L is the self adjoint
extension of the operator
∑m
n=1 Ln : D1 ⊗ ...⊗D1—>L2(Rm).(
m∑
n=1
Ln
)
(u1(y1)⊗ ...⊗ um(ym)) =
m∑
n=1
u1(y1)⊗ .Ln(un)(yn).⊗ um(ym)
¿From this it follows that the spectrum σ(L) of L is given by the formula:
σ(L) = σ(L1) + ... + σ(Lm)
where σ(L1) + ...+ σ(Lm) is the closure of the set{µ1+ ...+µm| µk ∈ σ(Lk), 1 ≤ k ≤ m}.
In the present case:
σ(Ln) = {(2k + 1)
√
λn| k ∈ Z+}
The eigenfunction (up to multiplication by a scalar) corresponding to the eigenvalue
(2k + 1)
√
λn is the function :
e
−√λny2
2 Hk(y
4
√
λn)
where Hn is the k
th Hermite polynomial.
Hk(x) = e
x2 d
k
dxk
e−x
2
Hence the lowest eigenvalue of the operator L is
∑m
n=1
√
λn. An associated eigen-
function of L is:
∏m
n=1 exp
(
−
√
λny2n
2
)
. Up to multiplication by a scalar this is the only
eigenfunction of L associated to
∑m
n=1
√
λn and it is strictly of one sign. This follows from
Friedrichs’ theorem and the fact that L is a positive self adjoint operator (see [27] vol.4
p.207, Thm. XIII.48). By Proposition 2 :
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λ ≤ Λ
Hence we get:
λ = Λ
and:
w(x) =
m∏
n=1
exp
(
−
√
λnx
2
n
2
)
= exp−
m∑
n=1
√
λnx
2
n
2
Definition 3 Cminmin is the subset {C|P ∈ Cmin,
∑m
n=1
√
λn(P ) = Λ}.
The following theorem amplifies theorem 1 and sums up all our results in the self
adjoint case.
Theorem 3 Distribution of limit measures.
(i)Using the notations of Lemma 2, sup
q∈Mε
d2g(q, Cminmin) ≤ Aǫ1/2
(ii)Let S be the weak limit set of the measures u2ǫdvolg/
∫
V
u2εdvolg as ε goes to zero.
Then:
S = {µ ∈M(V )|µ =
∑
{γP δP | P ∈ Cminmin} ,
(iii)For any sequence {uεn} such that the measures u2εnvolg/
∫
V
u2εndvolg converge weakly
to µ, the concentration coefficient γP , due to the normalization condition in the L
2 space,
is given
γP = (2π)
m
2
f 2P
K
m∏
k=1
λ
−1/4
k (P )
where
fP = lim
n−>∞
supBPk (δ)
uεn
supVm uεn
and
K = (2π)
m
2
∑
P∈Cminmin
f 2P
m∏
k=1
λ
−1/4
k (P )
(iii)If P is a limit point of the sets of maximum points of the uεn then fP=1.
(iv)There is always a P such that fP=1
Proof. We shall use the previous notations. Note that:∫
V
u2ǫdvolg =
∑
P∈Cmin
∫
BP (δ)
u2ǫdvolg +
∫
V−Cmin(δ)
u2ǫdvolg
where
Cmin(δ) = ∪P∈CminBP (δ)
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¿From now on we normalize the uε requiring that
∫
V
u2ǫdvolg=1. Let {uεn|} be any se-
quence such that the measures u2εnvolg/
∫ 2
V uεn
dvolg converge weakly to µ ∈M(V). Equation
10 implies that:
lim
ε−>0
∫
V−Cmin(δ)
u2ǫndvolg = 0,
Hence:
lim
ε−>0
∑
P∈Cmin
∫
BP (δ)
u2ǫndvolg = 1. (33)
For any P∈ Cmin: ∫
BP (δ)
u2ǫdvolg = u
2
ǫǫ
m/4
n
∫
BP (δ/ 4
√
εn)
w2P,ǫndvolgεn , (34)
where wP,ǫ is the restriction of the function
uǫ(y 4
√
ε)
uε
to BP (δ) extended by 0 outside BP (δ).
Any sequence of ǫ’s converging to zero contains a subsequence( ǫn) such that for any
P in Cmin,
∫
BP (δ)
u2ǫndvolg converges as n goes to ∞ and wP,ǫn converges to wP (x) =
fP exp
(
−∑mn=1 λn(P )x2n2 ) by Theorem 2. Also by the same theorem fP=1 for at least one
P. Hence the sequence {u2ǫnǫm/4n |n ∈ N} will converge to a constant K> 0. We claim that:
lim
ε−>0
∫
BP (δ/ 4
√
ε)
w2P,ǫndvolgεn =
∫
Rm
wP (y)
2dy = f 2P
(2π)
m
2
4
√∏m
k=1 λk(P )
To see this note that:∫
BP (δ/
4
√
ε)
w2P,ǫndvolgεn =
∫
BP (δ/
4
√
ε)
w2P,ǫn(y)
√
det(gεn)dy.
Using Morse’s lemma on UP :
gij(x) = δij +
m∑
k,l=1
Gijkl(x)xkxl,
gεij(y) = gij(y
4
√
ε) = δij +
√
ε
m∑
k,l=1
Gijkl(y
4
√
ε)ykyl.
Hence: √
det(gεij)(y) = 1 +
√
εG(ε, y)
where:
|G(ε, y)| ≤ C(M)(1 + ||y||2m
Rm
)
C(M) is a constant depending only on sup{|Gijkl(x)||1≤ i, j, k, l ≤ m,x∈ Bp(δ)}.∫
BP (δ/ 4
√
εn)
w2P,ǫn(y)
√
det((gεn)ij)dy =
∫
BP (δ/ 4
√
εn)
w2P,ǫ(y)dy+
√
ε
∫
BP (δ/ 4
√
εn)
w2P,ǫn(y)G(εn, y)dy
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Proposition 3 (i) implies that:
lim
n−>∞
√
εn
∫
BP (δ/ 4
√
εn)
w2P,ǫn(y)G(εn, y)dy = 0
and:
lim
n−>∞
∫
BP (δ/ 4
√
εn)
w2P,ǫn(y)dy = f
2
P
∫
Rm
m∏
k=1
exp
(
−
√
λk(P )y
2
k
2
)
dy
Hence:
lim
n−>∞
∫
BP (δ/ 4
√
εn)
w2P,ǫndvolgε = f
2
P
(2π)
m
2
4
√∏m
k=1 λk(P )
lim
n−>∞
∑
P∈Cmin
∫
BP (δ)
u2ǫndvolg = 1
We have then the following alternative for any P ∈ Cmin:
lim
n−>∞
∫
BP (δ)
u2ǫndvolg =
{
0, if P /∈ Cminmin
f2P
K
(2π)
m
2∏m
n=1
4
√
λn(P )
, if P ∈ Cminmin
Because lim
ε−>0
∑
P∈Cmin
∫
BP (δ)
u2ǫdvolg = 1,
K =
∑
P∈Cminmin
f 2P (2π)
m
2∏m
k=1
4
√
λk(P )
.
Finally Lemma2 implies (iv).
Remark 1: As we shall see in the next section, the Topological Pressure gives enough
information to determine where the concentration process occurs. This information is
contained in the quantity c0 only. But what we actually found is that a second quantity
c1 which carries some second order information about the potential, narrows down the
possible concentration set.
Remark 2: When c is not a Morse function, it is an open problem to compute all
the limit and the values of the coefficients.
Remark 3: We insist that not all minimum points are necessarily charged, except
when the equations admit some symmetries. It is an open problem to prove that indeed the
minimum points of the potential c where the Topological Pressure achieves its minimum
are all charged.
Remark 4: The main theorem is useful to interpret the dynamics of a particle on a
compact manifold moving under the influence of small random noise. Indeed , as ǫ goes
to zero, the density probability of the particle satisfies the Fokker-Plank equation:
∂p
∂t
= −ǫ∆p − cp.
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where c is a killing term [15]. p can be expanded in a series of eigenfunctions, φiǫ associated
to the eigenvalues λi,
p(t, x, y) =
∑
i
e−λitφiǫ(x)φ
i
ǫ(y).
The previous analysis proves that the particle will most likely be found near some specific
minimal points of c. In general, it is well known by the standard Exit problem (see [29])
that a particle subjected to an attractive field can escape outside the domain of attraction,
under the influence of small random noise.
But in the case of a compact manifold, they are several bassins of attraction. The
particle wanders in and out of these bassins. But, the particle will most likely be found
in the neighborhood of a point of Cmin, where the topological pressure is achieved.
Corollary 1 Let W ⊂ V an open subset. Assume that ∂W ∩Cmin is empty. If for a se-
quence ǫn tending to zero, limn→∞
[∫
W
u2ǫndvolg/
∫
V
u2ǫndvolg
]
> 0, then limn→∞ sup
W
uǫn =
+∞.
Proof. After taking a subsequence if need be, we can assume that the measures u2ǫndvolg/
∫
V
u2ǫndvolg
converges weakly to a measure
∑
P∈C1 a(P )δP , C1 subset of Cminmin, a(P ) > 0 for all
P∈ C1,
∑
P∈C1
a(P ) = 1. lim
n→∞
[∫
W
u2ǫndvolg/
∫
V
u2ǫndvolg
]
=
∑
P∈W∩C1
a(P ). (35)
Hence W∩C1 is not empty. Say Q∈W∩C1. Using the notation of Theorem 3
f 2Q = a(Q)
4
√∏m
k=1 λk(Q)
(2π)
m
2
> 0. (36)
lim
n−>∞
inf
supW uǫn
supV uǫn
≥ lim
n−>∞
sup
BQ(δ)
uǫn
supV uǫn
= fQ > 0. (37)
Lemma1 ends the proof.
2.5 The set of limit measures
In the previous section, we have proved that the limit measures are concentrated on the
set Cminmin. However we did not determine the concentration coefficients completely.
Indeed let { uǫn|n ∈ N} a converging sequence with εn− > 0, If we set vǫn = uǫnu¯ǫn , then for
each point P ∈ Cminmin, limn−>∞ vǫn(P ) = α(P ) ∈ [0, 1]. The concentration coefficients
are given by
γP =
α2(P )
∏m
n=1 λn(P )
−1
4∑
R∈Cminmin α
2(R)
∏m
n=1 λn(R)
−1
4
.
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At least one of the α(P ) is equal to one. At present time, we do not know if the α(P ) are
independent of the sequence { uǫn|n ∈ N}. The modulating factors α(P ), defined on the
set Cminmin, depend only on the ratio of the relative maximum to the global maximum of
the eigenfunction.Given a function β : Cminmin—>[0, 1], is it possible to find a converging
sequence { uǫn|n ∈ N} such that α(P ) = β(P ), for P ∈ Cminmin? Or is the function α
unique? So far to evaluate the concentration coefficients only the potential c was needed.
We shall see in the rest of this section that actually only a subset of Cminmin can be
charged. The rest of this section is devoted to study the influence of the Riemannian
structure on this selection process.
We will use the following definitions:
Definition 4 A point P ∈ Cminmin is called a maximally charged point if
lim sup
(ǫ,Q)→(0,P )
uǫ(Q)
maxVm uǫ
= 1
Definition 5 A point P ∈ Cminmin is called a charged point if
lim sup
(ǫ,Q)→(0,P )
uǫ(Q)
maxVm uǫ
> 0 (38)
Remark.
At this stage we do not know if indeed the analysis can be pushed further to prove that
whether the limit measure is unique or not. For example can one find a double well
asymmetric potential such that sequence of the first eigenfunctions will concentrate at
only one of the two minimum points and another sequence only at the other?
2.6 Expansion of the eigenfunction
Recall the blown-up function:
wP,ε(x) =
uε(x/ 4
√
ε)
uε
By Theorem 2 (i), wP,ǫ converges to wP in L
2(Rm) when ε goes to 0.
The divided difference
w1,ε =
wP,ε − wP
4
√
ε
as ε goes to 0, converges to w1 satisfying the equation:
LPw1 +
∑
1≤i≤j≤k≤m
cijkyiyjykwP = 0 (39)
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where
LP = ∆E +
[
m∑
k=1
√
λk(P )y
2
k − Λ
]
Id
and:
c−min c =
m∑
k=1
λk(P )x
2
k +
∑
1≤i≤j≤k≤m
cijkxixjxk +
m∑
1≤i≤j≤k≤l≤m
cijkl(x)xixjxkxl
where the cijk are constants and the cijkl, C
∞ functions on UP . The proof of the con-
vergence of the sequence w1,ε results from various estimates that can be obtained on the
sequence and its derivatives, which can be found in [12]. But a rough idea of the conver-
gence of the sequence results from the WKB expansion. The estimates are based on the
exponential decay at infinity. Those estimates are not used in the remaing parts of the
article.
2.6.1 Hermite functions
We need Hermite functions. For n∈ Zm+ define
Hn(x1, ..., xm) =
m∏
j=1
hnj (xj
4
√
λj(P )),
where for n∈ Z+
hn(x) = e
x2
2
dn
dxn
e−x
2
Note that
LPHn = 2 < n,
√
λ(P ) > Hn
where
√
λ(P ) = (
√
λ1(P ), ..,
√
λn(P )). It is well known and easy to check that∫
Rm
HpHqdy = 0
if p, q ∈ Zm+ and p 6= q. ∫
Rm
H2pdy =
π
m
2 p!2|p|
4
√
λ1(P )..λn(P )
where |p| =∑mn=1 pn, p! = m∏
n=1
pn!.
In particular:Hijk = −8
√
λiλjλkyiyjyk, for 1 ≤ i < j < k ≤ m, Hiij = −8λi
√
λjy
2
i yj+
4
√
λiλjyj for 1 ≤ i < j ≤ m , Hiii = 12λiyi − 8λ
3
2
i y
3
i . To summarize,
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Lemma 4 Convergence of the renomalization sequence.
(i)As ε goes to 0, w1,ε tends to w1, solution of the equation:
∆Ew1(y) +
[
m∑
k=1
λk(P )y
2
k − Λ(P )
]
w1(y) +
∑
1≤i≤j≤k≤m
cijk(P )yiyjykwP (y) = 0
(ii)Up to a multiple of wP
w1 = −
∑
1≤i≤j≤k≤m
cijk
16 4
√
λi(P )λj(P )λk(P )
Hei+ej+ek(y)
< ei + ej + ek,
√
λ(P ) >
∑
1≤i<j≤m
 ciij
8 4
√
λ2i (P )λ
3
j(P )
Hej(y) +
cijj
8 4
√
λ3i (P )λ
2
j(P )
Hei(y)

2.6.2 Expansion of the eigenvalue
It is well known that the eigenvalue λǫ has an asymptotic expansion of the type Λ
√
ε +
θε+ ... (see [30, 31]). We have already seen that:
Λ =
{
m∑
n=1
√
λn(P )|P ∈ Crit(c)
}
In this section we want to compute θ using minimax procedures. Recall that:
λǫ = inf
u∈H1(V )−{0}
∫
V
[
ǫ||∇u||2g + cu2
]
dvolg∫
V
u2dvolg
Let us set:
θǫ =
λǫ −min
V
c−√ǫΛ
ǫ
Then:
θǫ = inf
u∈H1(V )−{0}
∫
V
[
||∇u||2g + c−minc−
√
ǫΛ
ǫ
u2
]
dvolg∫
V
u2dvolg
(40)
We shall prove that as ε goes to 0, θǫ converges and compute its limit θ. It will
follow that the limit measures are supported in a subset of Cminmin. We shall estimate
the variational quotient
θǫ = Q˜(uǫ) =
∫
Vm
[
||∇uǫ||2g + c−minc−
√
ǫΛ
ǫ
u2ǫ
]
dvolg∫
Vm
u2ǫdvolg
.
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using the previous blow up analysis. Consider a converging subsequence {uεn |n ∈ N}, uεn
normalized (
∫
Vm
u2ǫndvolg = 1), such that
u2ǫndvolg →
∑
P∈Cmin
γP δP ,
where γP1 = 1 for at least one P1. To simplifie the notations we shall drop the index n
for εn from now on.
Q˜(uǫ) =
∑
P∈Cmin
∫
BP (δ)
[
||∇uǫ||2g +
c−minc−√ǫΛ
ǫ
u2ǫ
]
dvolg
+
∫
V−∪P∈CminBP (δ)
[
||∇uǫ||2g +
c−minc−√ǫΛ
ǫ
u2ǫ
]
dvolg
Let φ be a C∞function:V−→[0, 1], 1 on V-∪P∈CminBP (δ) such that supportφ ∩ Cmin=∅.
For ε sufficiently small∫
V−∪P∈CminBP (δ)
[
||∇uǫ||2g +
c−minc−√ǫΛ
ǫ
u2ǫ
]
dvolg ≤
∫
V
[
||∇uǫ||2g +
c−minc−√ǫΛ
ǫ
u2ǫ
]
φdvolg
Using the relation 9,∫
V
[
||∇uǫ||2g +
c−minc−√ǫΛ
ǫ
u2ǫ
]
φdvolg =
∫
V
[
λ−minc−√ǫΛ
ǫ
φ−∆φ
]
u2ǫdvolg
Appendix 2 shows that with an appropriate constant C∫
V
[
λ−minc−√ǫΛ
ǫ
φ−∆φ
]
u2ǫdvolg = o(1)ǫ
m/4u¯ǫ
2
Hence:
Q˜(uǫ) =
∑
P∈Cmin
∫
BP (δ)
[
||∇uǫ||2g +
c−minc−√ǫΛ
ǫ
u2ǫ
]
dvolg + o(1)ǫ
m/4u¯ǫ
2
Q˜(uǫ) = ǫ
m/4u¯ǫ
2
∑
P∈Cmin
∫
BP (δ/
4
√
ε)
[
1√
ǫ
||∇wP,ǫ(y)||2g +
(c(y 4
√
ε)−minc−√ǫΛ)w2P,ǫ(y)
ǫ
]√
det gε(y)dy
+ o(1)ǫm/4u¯ǫ
2
The normalization condition implies that
1 =
∑
P∈Cmin
∫
BP (δ)
u2ǫdvolg +
∫
V−∪P∈CminBP (δ)
u2ǫdvolg
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∫
V−∪P∈CminBP (δ)
u2ǫdvolg = o(1)ǫ
m/4u¯ǫ
2 (41)∫
BP (δ)
u2ǫdvolg = ǫ
m/4u¯ǫ
2
∫
BP (√ρ/ 4
√
ε)
w2P,ǫ(y)
√
det g(y 4
√
ε)dy (42)
Now sup
BP (√ρ/ 4
√
ε)
|det g(y 4√ε)| < +∞ and on each compact subset of Rm, det g(y 4√ε) con-
verges uniformly to 1 when ε goes to0. Hence
∫
BP (√ρ/ 4
√
ε)
w2P,ǫ(y)
√
det g(y 4
√
ε)dy tends to∫
Rm
wP (y)
2dy as ε goes to 0. By Theorem 2∫
Rm
wP (y)
2dy = (2π)
m
2 f 2P
m∏
k=1
λ
−1/4
k (P ).
Then relations 41-42 imply:
lim
ε−>0
ǫm/4u¯ǫ
2 = K = 1
/ ∑
P∈Cmin
(2π)
m
2 f 2P
m∏
k=1
λ
−1/4
k (P ) (43)
Now we shall compute the numerator of Q˜(uǫ).
lim
ε−→0
Q˜(uǫ) = K
∑
P∈Cmin
lim
ε−→0
∫
BP (δ/
4
√
ε)
[
1√
ǫ
||∇wP,ǫ(y)||2g +
(c(y 4
√
ε)−minc−√ǫΛ)w2P,ǫ(y)
ǫ
]
×
√
det g(y 4
√
ε)dy.(44)
To simplify the notations below set
q(y) =
m∑
k=1
λk(P )y
2
k − Λ
∫
BP (δ/
4
√
ε)
[
1√
ǫ
||∇wP,ǫ(y)||2g +
(c(y 4
√
ε)−minc−√ǫΛ)w2P,ǫ(y)
ǫ
]√
det g(y 4
√
ε)dy = I + II + III + IV
+V+ VI + VII
where, denoting by ∇Ef the euclidean gradient ( ∂f∂y1 , ...,
∂f
∂ym
)
I =
1√
ǫ
∫
BP (δ/
4
√
ε)
[||∇EwP (y)||2Rm + qwP (y)2]√det g(y 4√ε)dy,
II =
2
4
√
ǫ
∫
BP (δ/
4
√
ε)
[< ∇EwP ,∇Ew1,ε > +qwPw1,ε]
√
det g(y 4
√
ε)dy,
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III =
1
4
√
ǫ
∫
BP (δ/
4
√
ε)
∑
1≤i≤j≤k≤m
cijkyiyjykw
2
P
√
det g(y 4
√
ε)dy,
IV =
∫
BP (δ/
4
√
ε)
[
||∇Ew1,ε(y)||2Rm + qw1,ε(y)2 + 2
∑
1≤i≤j≤k≤m
cijkyiyjykwPw1,ε
]√
det g(y 4
√
ε)dy,
V = 4
√
ǫ
∫
BP (δ/
4
√
ε)
∑
1≤i≤j≤k≤m
cijkyiyjykw
2
1,ε
√
det g(y 4
√
ε)dy,
VI =
∫
BP (δ/
4
√
ε)
m∑
1≤i≤j≤k≤l≤m
cijkl(y
4
√
ε)yiyjykylw
2
P,ε
√
det g(y 4
√
ε)dy,
VII =
∫
BP (δ/
4
√
ε)
m∑
i,j,k,l=1
gijkl(y 4
√
ε)ykyl
∂wP,ε
∂yi
∂wP,ε
∂yj
√
det g(y 4
√
ε)dy,
where gij(x) = δij +
∑m
k,l=1 g
ijkl(x)xkxl.In particular g
ijkl(0) = 1
6
(Riklj(P ) +Rjkli(P )) .
Note that √
det gε(y) = 1−
√
ε
6
Rij(y
4
√
ε)yiyj
where the Rij are C
∞ functions on UP and Rij(0) = Riccij(P ). It is easy to see that
lim
ε−→0
VII =
∫
Rm
m∑
i,j,k,l=1
1
6
(Riklj(P ) +Rjkli(P )) ykyl
∂wP
∂yi
∂wP
∂yj
dy,
lim
ε−→0
VI =
∫
Rm
m∑
1≤i≤j≤k≤l≤m
cijkl(0)yiyjykylw
2
Pdy,
lim
ε−→0
V = 0
lim
ε−→0
IV =
∫
Rm
[
||∇Ew1(y)||2Rm + qw1(y)2 + 2
∑
1≤i≤j≤k≤m
cijkyiyjykwPw1
]
dy
Using equation 39 satisfied by w1,
lim
ε−→0
IV =
∫
Rm
∑
1≤i≤j≤k≤m
cijkyiyjykwPw1dy
III =
1
4
√
ǫ
∫
BP (δ/
4√ε)
∑
1≤i≤j≤k≤m
cijkyiyjykw
2
Pdy−
4
√
ǫ
6
∫
BP (δ/
4√ε)
∑
1≤i≤j≤k≤m
1≤l,n≤m
cijkRln(y
4
√
ε)yiyjykylynw
2
Pdy.
For reason of symmetry the first integral is 0 and the second tends to 0 as ε −→ 0.
lim
ε−→0
III = 0
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I =
1√
ǫ
∫
BP (δ/
4
√
ε)
[||∇EwP (y)||2Rm + qwP (y)2]
(
1−
√
ε
6
m∑
ij=1
Rij(y
4
√
ε)yiyj
)
dy
but
1√
ǫ
∫
BP (δ/
4
√
ε)
[||∇EwP (y)||2Rm + qwP (y)2] dy = 1√ǫ
∫
SP (δ/
4
√
ε)
wP < ∇EwP ,−→n > dA
converges to zero, due the exponential decay. Here SP (δ/ 4
√
ε) is the sphere boundary of
BP (δ/ 4
√
ε), −→n is the exterior euclidean unit normal to SP (δ/ 4√ε) and dA the area measure.
It is then clear that
lim
ε−→0
I = −
∫
Rm
[||∇EwP (y)||2Rm + qwP (y)2] 16
m∑
ij=1
Ricij(P )yiyjdy,
II = II1 + II2,
II1 =
2
4
√
ǫ
∫
BP (δ/
4
√
ε)
[< ∇EwP ,∇Ew1,ε > +qwPw1,ε] dy,
II1 =
2
4
√
ǫ
∫
SP (δ/
4
√
ε)
w1,ε < ∇EwP ,−→n > dA,
lim
ε−→0
II1 = 0,
where an intergration by part leads to a boundary term, which converges to zero.
II2 = −
4
√
ε
6
∫
BP (δ/
4√ε)
[< ∇EwP ,∇Ew1,ε > +qwPw1,ε]
m∑
ij=1
Rij(y
4
√
ε)yiyjdy
lim
ε−→0
II2 = 0.
Finally lim
ε−→0
∫
BP (δ/
4
√
ε)
[
1√
ǫ
||∇wP,ǫ(y)||2g + (
c(y 4
√
ε)−minc−√ǫΛ)w2P,ǫ(y)
ǫ
]√
det g(y 4
√
ε)dy is equal
to lim
ε−→0
I+ lim
ε−→0
IV+ lim
ε−→0
V+ lim
ε−→0
VI. Lengthy but straightforward computations show
that with 4
√
λ(P ) =
m∏
n=1
4
√
λn(P ):
lim
ε−→0
I+ lim
ε−→0
V = −f 2P
π
m
2
4
√
λ(P )
[
R(P )
4
+
1
12
∑
1≤i,j≤m
Rijij(P )
√
λi(P )
λj(P )
]
lim
ε−→0
VI =
1
4
f 2P
π
m
2
4
√
λ(P )
∑
1≤i≤j≤m
ciijj(P )√
λi(P )λj(P )
+
1
2
m∑
i=1
ciiii(P )
λi(P )
.
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The computation of lim
ε−→0
IV is more involved, where
LP = ∆E +
m∑
n=1
x2nλn(P )− Λ(P ).
Then∑
1≤i≤j≤k≤m
cijkyiyjykwP = fP
∑
1≤i≤j≤k≤m
cijk
8 4
√
λi(P )λj(P )λk(P )
Hei+ej+ek(y)+
fP
∑
1≤i<j≤m
 ciij
4 4
√
λ2i (P )λj(P )
Hej(y) +
cijj
4 4
√
λi(P )λ2j(P )
Hei(y)
 .
After lengthy computations we get∫
Rm
∑
1≤i≤j≤k≤m
cijkyiyjykwPw1dy = − π
m
2 f 2P
4
√
λ(P )
(A(P ) +B(P ) + C(P )) .
A(P ) =
∑
1≤i<j<k≤m
c2ijk
16
√
λi(P )λj(P )λk(P )
1
< ei + ej + ek,
√
λ(P ) >
B(P ) =
∑
0≤i<j≤m
[
c2iij
8λi(P )
√
λj(P )
+
c2ijj
8λj(P )
√
λi(P )
]
,
C(P ) =
∑
0≤i<j≤m
c2iij + c
2
ijj
16λi(P )λj(P )
+
m∑
i=1
c2iii
8λ2i (P )
Theorem 4 The expansion of the eigenvalue in power of
√
ε is up to order three
λǫ = min
V
c+ Λ
√
ε+ θε+ o(ε)
where
Cmin = {P such that c(P ) = min c},
Λ = inf
[
m∑
n=1
√
λn(R)|R ∈ Cmin
]
,
Cminmin = {P such that Λ(P ) =
m∑
n=1
√
λn(P )|P ∈ Cmin}
and
θ = min
P∈Cminmin
π
m
2 Kf 2P
4
√
λ(P )
[
−R(P )
4
− 1
12
∑
i,j
Rijij(P )
√
λi(P )
λj(P )
+ (45)
1
4
∑
i≤j
ciijj(P )√
λi(P )λj(P )
+
1
2
∑
i
ciiii(P )
λi(P )
+ A(P ) +B(P ) + C(P )
]
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Remarks.
1. The sequence uǫ is in H
m but not in Hs, for s > m = dimV . This is exactly the
critical case in the Sobolev embedding theorem. That why the limits of uǫ as ǫ goes
to zero are measures but not functions.
2. The coefficients of the limit measure depends on two factors: one is the second
derivative of the potential at some points of Cminmin and second on the coefficients
α, that measure the ratio of the local maximum versus the global maximum.
3. Actually, we conjecture that if two points P1 and P2 are always charged and under
some conditions of analycity on the metric, any small neighborhood V1 of P1 is
conjugated to a neighborhood V2 of P2 by an isometry. Such an isometry should
leave invariant the blow-up equation defined on the manifold and satisfies by wǫ.
If in V1, there exists a subsequence of local maximum, then such subsequence is
also present in V2, which garantee the concentration in both places. In some sense,
when the concentration occurs at those points for any subsequences, it implies the
existence of hidden symmetries.
4. Suppose that the potential has only two wells centered at P1 and P2 that are charged.
Obviously when the coefficients of concentration are not unique, the set of possible
limit coefficients α1, α2, where µ = α1δP1 + α2δP2 , are restricted to the intervals:
α1 ∈ [c1/c1 + c2, 1] and α2 ∈ [0, c2/(c1 + c2)].
Indeed one of the coefficient, say α1 characterize the convergence of the absolute
maximum.
2.7 Removing the degeneracy
In the previous analysis we have defined two local characteristics (quantities that are
functions of g and c),
∑m
n=1 λn(P ) and −D(P ) + C(P ) which have properties that the
minimum of the first one on Cmin gives the first coefficient of the developpment of λǫ in
the power of
√
ǫ,
λǫ = a0 + a1
√
ǫ+ ..+ an
√
ǫn + ...
Cminmin is the subset of Cmin where the characteristic achieves its minimum. The second
coefficient of the developpment of λǫ is equal to the minimum of the second characteristic
on the set Cminmin. We could continue this process and define a sequence of characteristics
χ2, χ3, χ4, ...(χ0 = minVm c, χ1 = Λ and χ2 = θ) and subsets of Cmin, C3, C4, C5... having
the following property, for any integer n:
• χn is a function defined on Cn and depends only on the covariant derivatives of c
and g
• the nth coefficient cn is equal minCn χn.
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• Cn+1 = {P ∈ Cn|χn(P ) = an}.
Since the set Cmin is finite, the process becomes stationnary after a finite number of
steps i.e. Cn = Cn+1 and χn is constant on Cn, for n larger than n¯, some integer. Now
there are two possibilities. Either Cn¯ is reduced to a single point, in which case, this is
the only point that is charged or the so-called degenerate case, see ([31] page 304) where
Cn¯ has more than one point.
The knowledge of the expansion of λǫ is not enough to compute the value of the
concentration coefficient. It is an open problem to compute precisely this value in terms
of the geometry and the extracted subsequence.
Finally we conjecture that for any points P1, P2 in Cn¯, there exists a isometry φ : Ω1 →
Ω2, where Ωi is an open neighborhood of Pi such that denoting by c1, c2 the restrictions
of c to Ω1,Ω2 respectively, c2 ◦ φ = c1 and wǫ|Ω2 = wǫ|Ω1 ◦ φ.
3 Blow up analysis with a gradient vector field
In this section, we study the behavior of the sequence of first eigenfunctions, when the
vector field b is the gradient of a Morse function, b = ∇φ, with respect to the metric g. It
is possible to describe explicitly the set of limit measures and we will see how the supports
of these limit measures coincide with those suggested by the analysis of the Topological
Pressure ([22]). More precisely, the potential c and the field b = ∇φ interact to restrict
the limits of the eigenfunctions, to certain subsets of the critical set of b. The limits
depend on the couple of functions (c, φ).
Somewhat surprisingly not all the attractors points are charged. It depends on the
topological pressure (see [22]) and can be understood as follows:c acts as a killing term
(see [29, 15]) and can destroy all the particles near an attractor;
We begin analyzing the problem. The eigenfunction satisfies the partial differential
equation and normalisation condition
ǫ∆guǫ + (∇φ,∇uǫ)g + cuǫ = λǫuǫ (46)∫
Vn
u2ǫdvolg = 1. (47)
We denote by Sing(b) the set of singular points of the field b.When b is the gradient of a
function φ, these points are just the critical points of φ.
3.1 What do we learn from the Topological Pressure
The topological pressure can be defined as follows:
Pr = inf
P∈Sing(b)
{c(P )−
m∑
i=1
min(0, Reλi(P )} (48)
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where λi(P ), 1 ≤ i ≤ m, are the eigenvalues of the linear part of the field gradφ at the
point P . The definition for Morse-Smale fields can be found in ([20]), for more general
vector fields in ([22]). Because the infimum in (48) is taken over a finite number of
points, it is attained somewhere but not necessarily at an attractor (that is clear from the
formula).
It will be useful to perform a gauge transformation:
vǫ = uǫe
−φ/2ǫ
b = ∇φ.
By this gauge transformation, equation (46) is transformed into
ǫ∆gvǫ + (c+
∆gφ
2
+
||∇φ||2g
4ǫ
)vǫ = λǫvǫ
with the new condition of normalization
∫
V
v2ǫdvolg = 1. We will analyze the set of limits
of the measures v2ǫdvolg as ε tends to 0.
3.2 blow-up Analysis
It has been proved in the second section that the sequence supǫ vǫ converges to infinity as
ǫ goes to zero and the sequence vǫ converges uniformly to zero on every compact set that
does not intersect the singular set of the field. As in the field- free case, if P∈ Sing(b) we
choose a normal coordinate system (x1, ...xm):U—>R, centered at P, defined on a domain
U such that:
1)x1×...×xm(U) contains the closed ball BP (δ) centered at P and having radius δ > 0.
2)for all i, j, 1≤ i, j≤ m, ∂2φ
∂xi∂xj
(P ) = λi(P )δij .
3) U∩Sing(b)={P}
On the magnified set 1√
ε
x1×...×xm(U) , we can define the function wε:wε(y) = vε(y
√
ε)
vε
where vε=max
c
vε.
The main theorem of this section is the following:
Theorem 5 • (i)Suppose that the vector field b is gradient-like, b = ∇φ, where φ has
the expansion near each critical point: φ(P ) = φ(P ) +
∑m
i=1 λi(P )(x
i)2 + O(||x||3g).
The set M of all possible limit measures of the sequence v2ǫdvolg, is described by:
P = {µ ∈M(V )|µ =
∑
P∈S
cP δP , cP ≥ 0,
∑
P∈S
cP = 1}
S is set the critical points of b, where the Topological Pressure is achieved.
• (ii) When all the points of S are maximally charged, the coefficients cP can be
computed explicitly, cP =
∏m
1 |λi(P )|−1/2∑
i∈Λ
∏m
1 |λi(P )|−1/2
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• When a partial set Ŝ of S is maximally charged, the formula changes to:
cP =
∏m
1 |λi(P )|−1/2∑
P∈Ŝ
∏m
1 |λi(P )|−1/2
Lemma 5 For each ε, let us denote by Mε, the set of all maximum points of vε in the
manifold.There exists a constant A depending only on c and b, such that:
sup
q∈Mε
d2g(q, Sing(b)) ≤ Aǫ
It follows from this that the set of limit points of the set of maximum points of vε is
contained in Sing(b).
Proof.
If we denote by Qǫ a sequence of maximum points of vǫ. Using the Maximal Principle,
applied to equation (46), it is possible to estimate the velocity at which the sequence of
maximal points Qǫ converges to a critical point of the field. Indeed, we obtain that
(c(Qǫ) +
∆φ(Qǫ)
2
+
||∇φ(Qǫ)||2
4ǫ
≤ λǫ ≤ C
for some constant C. This implies that ||∇φ(Qǫ)||2 ≤ 4Cǫ. Now it is easy to see that there
exists a constant Γ depending only on c such that for P ∈ V, d2g(P, Sing(b))≤ Γ(c(P)–min
V
c). Take A=4ΓΛ. Then d2g(Qǫ, Sing(b)) ≤ Aǫ. The lemma shows that Qǫ tends to Sing(b)
at least as fast as
√
ǫ. In fact, theorem below shows that it tends faster.
Theorem 6 Concentration with a gradient vector field.
(i)For any P∈ Cmin,any sequence of vε’s, with ε tending to 0, contains a subsequence
{vεn}, such that the sequence of blown-up functions vεn (y
4
√
εn)
vεn
at P converges to a function
w:Rm–>R+, both in the L
2norm and the C∞ topology.
(ii) w satisfies the equation:
∆Ew +
(
c(P ) +
∆φ
2
(P ) +
∑
λi(P )(x
i)2
)
w = λw (49)
0 < w ≤ max
Rm
w = 1.
(iii)When the eigenvalue λ is equal to the Topological Pressure at P , the solution w is
nonzero and given explicitly by:
w(x) =
m∏
i=1
e−|λi(P )|x
2
i /2
in particular, ∫
Rm
w2(x) =
πm/2∏m
i=1 |λi|1/2
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Moreover,
lim
ǫ→0
ǫm/2 sup
V
v2ǫ = K(c, φ)
where K(c, φ) is a positive constant depending only on the functions c, φ.
(iv)If all the singular points at which the topological pressure is attained (set denoted
by ”top”) are maximally charged,
K(c, φ) =
πm/2∑
{∏mi=1 |λi(P )|−1/2|P ∈ top} .
Moreover
lim
ǫ→0
dg(Qǫ, P )
ǫ1/2
= 0.
Remark.
At this stage, let us point out the difference with the pure potential case, studied in the
last section. There the scaling factor was ε1/4 and the concentration took place on certain
minimum points of the potential only. In the present situation, the scaling factor is
√
ε
and the concentration is determined by the couple field-potential ( ∇φ, c).
Before proving the theorem, two lemmas are needed. The first one provides estimates
of the first eigenvalue λǫ and the second, estimates of the decay of renormalized sequence
wǫ(x).
Lemma 6 The first eigenvalue satisfies the inequality
0 < λǫ ≤ min { c(P )−
∑
{i,λi(P )<0}
λi(P )|P ∈ Sing(b)}
where Sing(b) is the set of critical points of the field b = ∇φ and λi(P ), 1 ≤ i ≤ m, are
the eigenvalues of the field at the critical point P .
Proof.
This is a consequence of the variational approach. Similarly to the case without field,
define the variational quotient
Qǫ(v) =
ǫ
∫
V
[||∇v||2g + cεv2] dvolg∫
V
v2dvolg
.
where cǫ = c+
∆gφ
2
+
|∇φ||2g
4ǫ
. Then
λǫ = inf
v∈H1(V )−{0}
Qǫ(v) > 0
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In the neighborhood of a singular point P , we have an expansion,
cǫ(x) = c(P ) +
∆gφ(P )
2
+
m∑
i=1
ai(P )x
i +
n∑
i=1
λ2i (P )x
2
i
ε
+
∑
≤1i≤j≤k≤m
cijk(x)xixjxk
where the cijk are C
∞ functions on UP . In order to get an upper bound for the eigenvalue
λǫ, we estimate the quotient Qǫ, for the following test function with compact support,
ψǫ = e
−∑ µi(xi)2/2 − e−ρ/(2ǫ) in NP (ρ)
= 0, otherwise
where µi =
|λi(P )|
ε
and NP (ρ) is the connected component of the set {x|
∑m
i=1 |λi|x2i ≤ ρ}
containing 0 and ρ is taken so small that NP (ρ)∩ {x|
∑m
i=1 x
2
i = δ
2} is empty. So NP (ρ)
is contained in BP (δ). After computations similar to the ones in Lemma 2 of the section
2, we obtain
Qǫ(ψε) = c(P ) +
∆gφ(P )
2
+
ǫ
2
n∑
i=1
µi +
n∑
i=1
λi(P )
2
2ǫµi
+ o(ǫ)
= c(P ) +
∆gφ(P )
2
+
n∑
i=1
|λi(P )|+ o(ǫ)
Using the fact that ∆gφ(P )
2
= −∑ni=1 λi(P ), we obtain that
Qǫ(ψε) ≤ c(P ) +
∑
λi(P )<0
λi(P ).
Since a similar test function can be built in the neighborhood of every critical points, we
obtain the estimate of the lemma,
λǫ ≤ min{P∈Sing(P )}[c(P )−
∑
{λi(P )|1 ≤ i ≤ m, λi(P ) < 0}].
Lemma 7 The blown-up sequence wǫ, defined by
wǫ(x) =
vǫ(
√
ǫx)
supVn vǫ
satisfies the following properties:
For all ε0 ∈]0, 1[:
1. sup
]0,ε0]
∫
BP (δ/
4√ε) wε(y)
2dy < +∞. More generally, for any continuous function f:[0,
1]×Rm—>R, (ǫ, y)—>f (ǫ, y), having at most polynomial growth at infinity in y
uniformly in ε, sup
]0,ε0]
∫
BP (δ/
√
ε)
f(ǫ, y)wε(y)
2dy < +∞.
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2. the set of restrictions w2ε|BP (δ/
√
ε), ε ∈]0, 1], of the w2ε to the balls BP (δ/ 4
√
ε) sat-
isfies the following condition: for any η > 0, there exists a compact K⊂ Rm and a
ε(η) > 0 such that ∫
BP (δ/
√
ε)−K
wε(y)
2dy ≤ η,
for all ε ∈]0, ε(η)].
Proof of Lemma7
The proof is similar as the one given to prove the decay estimate in the case of the pure
potential case and is based on the Feynman-Kac integral representation of the solution.
The Feynman-Kac formula gives that
e−µǫtvǫ(x) = e−µǫtEx
(
vǫ(Xǫ(t))χ(t<τxǫ )e
− ∫ t
0
cǫ(Xǫ(s)ds)
)
+Ex
(
e−µǫτ
x
ε vǫ(Xǫ(τ
x
ε ))χ(t>τxǫ )e
− ∫ τxǫ0 cǫ(Xǫ(t))ds)
where we recall that cǫ = c+
∆gφ
2
+
||∇φ||2g
4ǫ
and Xε is defined in relation (23).τ
x
ε has the same
meaning as in Section 2). Since the function c+ ∆gφ
2
is bounded, it is enough to estimate
Ex(e
− ∫ t0 |∇φ|24ǫ (Xǫ(s))ds). Using the scale change x→ ǫ1/2x, this term can be estimated as in
Proposition 24 and the results are similar. Indeed, because ||∇φ(ǫ
1/2y)||2
4ǫ
=
∑m
n=1 λn(P )
2y2n,
the estimate is valid in the neighborhood of any critical point.
Proof of the theorem. Consider the renormalized sequence wǫ(y) =
vǫ(y
√
ǫ)
v¯ǫ
, wǫ satisfies
the partial differential equation:
∆gǫwǫ(y
√
ǫ) +
(
c(y
√
ǫ) +
∆gφ(y
√
ǫ)
2
+
||∇φ||2g(y
√
ǫ)
4ǫ
)
wǫ(y
√
ǫ) = λǫwǫ (y
√
ǫ)in
1√
ε
x1 × ...× xm(UP ) (50)
0 < wǫ ≤ 1
To study the equation 50, note that the coefficients of the partial differential equation 50
converges uniformly on every compact set as ǫ goes to zero: gǫ(x) = g(y
√
ǫ) converges
to the Euclidean metric (see the previous section for more details about the type of
convergence, usually in C2,α of any compact).
Since the coefficients of the partial differential equation 50 remain bounded as ǫ goes
to zero. Indeed, due the velocity of convergence of the sequence Qǫ6,
lim
ǫ→0
(
c(y
√
ǫ) +
∆gφ(y
√
ǫ)
2
)
= c(P ) +
∆gφ(P )
2
lim
ǫ→0
||∇φ(y√ǫ)||2g
4ǫ
=
m∑
n=1
λ2n(P )y
2
n
4
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Classical elliptic estimates show that wǫ converges uniformly on every compact set of R
m
to a solution w of
∆Ew(y) +
(
c(P ) +
∆gφ
2
(P ) +
m∑
n=1
λ2n(P )y
2
n
)
w(y) = λw(y), on Rm (51)
0 < w ≤ max
Rm
w ≤ 1. (52)
Let Q∗ be a limit point of the sequence Qǫ√
ǫ
, since wǫ converges uniformly on every compact
to w. wǫ(
Qǫ√
ǫ
) converges to w(Q∗). Hence w(Q∗) = 1. Because w belongs to L2(Rn) by
Lemma 7 and is not zero, w an eigenfunction of LQ in L2(R
n) associated to the eigenvalue
λ.
Moreover, using the results of lemma 6,
λ− (c(P ) + ∆φ
2
(P )) ≤
m∑
n=1
|λn(P )| (53)
We will now prove, in order for the function w to be nonzero, necessarily λ is equal to the
Topological Pressure.
In order to prove that µ = λ − (c(P ) + ∆φ
2
(P )) =
∑m
n=1 |λn(P )|, one must study
the spectrum of the self-adjoint operator defined by LP = ∆E +
∑m
n=1
λ2n(P )x
2
n
4
in L2(R
n).
This operator is compact and has a discrete spectrum. For all these, see [27]. Using the
arguments in the proofs of the main theorem in Section 2.4, we know that the eigenvalues
and eigenfunctions of the operator defined by LP in L2(R
n) are respectively
n∑
1
(2αi + 1)
|λi(P )|
2
, α ∈ Zn+
and
Hα(x) =
n∏
1
hαi(yi)e
−λi(k)
2
(yi)2 where hk(x) = e
x2/4 d
k
dxk
{e−x2/4}.
The lowest eigenvalue of LP is
Λ1 =
n∑
1
|λi(P )|.
Inequality 53 shows that the eigenvalue λ − (c(P ) + ∆φ
2
(P )) of LP in L2(R
n) is at most
equals to λ1. Hence it is equal to λ1 and the corresponding eigenfunction w is a positive
multiple of H0. Since the only maximum point of H0 is 0, Q
∗ = 0 and w = H0(0).
In particular, the previous analysis shows that
lim
ǫ→0
λǫ = (c(P ) +
∆φ
2
(P )) + Λ1 = Topological Pressure.
This implies that a point P is not charged if the Topological Pressure is not attained at
P.
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Using the exponential decay of the last lemma, at the point P , where the Topological
Pressure is attained, we have∫
BP (δ)
v2ǫdvolg = ǫ
m/2v¯2ǫ
∫
BQk (δ/ǫ)
w2ǫdvolgǫ.
Since the sequence wǫ converges in L2, this implies that the sequence ǫ
m/2v¯2ǫ converges
and we get,
lim
ǫ→0
ǫm/2v¯2ǫ = C(c, φ).
The concentration coefficient ck can be computed, if we denote
cP = lim
ǫ→0
∫
BP (δ)
v2ǫdvolg = K(c, φ)
∫
Rm
w2Q.
Using the L2 normalization conditions, the Blow up analysis and the fact that the sequence
vǫ converges to zero on any compact sets that does not intersect the critical points where
the topological pressure is attained, we get,
1 = K(c, φ)
∑
P∈S
∫
Rm
w2P + o(1)
which proves the last part of the theorem. We shall omit the proof of statement (iv)
which is similar to the one given at the end of section2.
Remarks:
1. Can one find explicitly the asymptotic expansion of λǫ,
λǫ =
∞∑
k=0
ckǫ
k/2. (54)
2. We proved earlier that c0 is equal to the Topological Pressure and captures enough
information to locate the supports of the possible limit measures. This is surprising
because it was not true in the pure potential case.See the section(2.7)
4 The general case for the first eigenfunction prob-
lem
In this section, we shall consider a special class of vector fields b such that the limits of
the first eigenfunctions uǫ concentrate on the limit sets of b. In particular if the limit sets
of the vector field contains limit cycles, we prove that the weak limits of uǫ as ǫ tends to
zero, concentrate on these limit cycles. when a
Here we will consider the following class of vector fields : b = gradgL+Ω where Ω is a
Morse-Smale vector field and L is a special type of Lyapunov function of Ω. We will study
the behavior of the first eigenfunction for the operator Lǫ the drift of which is belongs to
this class. We will need the following lemma proved in the appendix.
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Lemma 8 Given a Morse Smale field Ω there exists C∞ Lyapunov functions for Ω, taking
the value zero on all the repulsors of Ω and such that the function Ψ(L) = 1
4
(||∇L||2g+ 12 <
gradL,Ω >g) is positive except on the recurrent set of Ω where it is zero.
Definition 6 A Lyapunov function with the property stated in lemma 8 will be called a
special Lyapunov function.
The main theorem can now be stated:
Theorem 7 On a compact orientable Riemannian manifold Vm, consider a Morse-Smale
vector field Ω whose recurrent set consists of the stationary points P1, ..., PM and of the
periodic orbits Γ1, .., ΓN . L denotes a special Lyapunov function.
For ǫ > 0 let λǫ, uǫ denotes respectively the first eigenvalue and the associated eigen-
function of the operator
Lǫ = ǫ∆g + b∇+ c , on Vm (55)
Then the weak limits of the family of probability measures
e−L/ǫu2ǫdVg∫
V
e−L/ǫu2ǫdVg
are of the form
ν =
N∑
j=1
µj +
M∑
i=1
γPiδPi
where the measures µj are supported by the limit cycle Γj and the Pi’s 1 ≤ i ≤ N are the
critical points of b. the γPi are scalars.
1 =
N∑
j=1
∫
Γj
µj +
M∑
i=1
γPi.
Remark.
In a future paper[14], we shall prove that for an appropriate choice of Lyapunov
function, no concentration can occur on a set of isolated points on the cycle.
point where the topological pressure is found
4.0.1 Proof of theorem 2
The proof of theorem 2 will occupy the next two sections. Consider the following trans-
formation u −→ v. :
v = e−
φ
2ǫu (56)
u = e
φ
2ǫv (57)
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and the second order differential operator L
′
ε:
L
′
εv = εe
− φ
2εLε(e
φ
2ǫ v)
It is easy to see that:
∆gu = e
φ
2ǫ
[
(∆gv − 1
ǫ
< ∇φ,∇v >g +vǫ
(
∆gφ
2ǫ
− ||∇φ||
2
g
4ǫ2
)]
,
and
< ∇u, b >g= e
φ
2ǫ
[
< ∇v, b >g +v< ∇φ, b >g
2ǫ
]
Finally,
L′ǫ(v) = e
φ
2ǫ
[
ǫ∆gv+ < b−∇φ,∇v >g +v
(
c+
< ∇φ, b >g
2ǫ
+
∆gφ
2
− ||∇φ||
2
g
4ε
)]
(58)
Setting bφ = b−∇φ, we obtain :
ǫL
′
εv = ǫ
2∆gv + ε < bφ,∇v >g +v
(
ε(c+
∆gφ
2
) +
< ∇φ, b >g
2
− ||∇φ||
2
g
4
)
If we set vε = e
− φ
2ǫuε, the equation
ǫ∆guε+ < b,∇uε > +cuε = λεuε
becomes :
ǫ2∆gvǫ + ǫ < bφ,∇vǫ >g +cǫvǫ = ǫλǫvǫ, on V (59)
where cǫ = ǫ(c +
∆φ
2
) +
<∇φ,bφ>g
2
+
||∇φ||2g
4
.
We set bφ = Ω. c− ∆φ2 − divbφ2 ≥ 0. Taking ϕ = L, a special Lyapunov function for Ω
in the previous paragraph, we will prove that ǫλǫ tends to the minimum of the function
ΨL =
(∇L)2
4
+ (Ω,∇L)
2
when ǫ goes to zero.
Lemma 9 Under the assumptions of Theorem 7 on the vector field
lim
ǫ→0
ǫλǫ = 0 = min
V
ΨL (60)
Proof: Multiplying equation (59) by vǫ and integrating on V, we obtain:∫
V
[ǫ2||∇vǫ||2g + (−
ǫdiv(bφ)
2
+ cǫ)v
2
ǫ ]dvolg = ǫλǫ
∫
V
v2ǫdvolg (61)
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Normalize vε so that
∫
V
v2ǫdvolg=1.From equation (61), we obtain that limǫ→0 ǫλǫ ≥
min
V
Ψφ. An upper bound of the function ǫλǫ, in the case when φ = L, will be computed
using the following two results:
1) Let S be a regular sub-domain of V and λ′ǫ(S) be the first eigenvalue of L
′
ǫ on S for
the homogeneous Dirichlet problem. If there exists a positive number A and a positive
function ψ on S, zero on the boundary of S, such that L′ǫψ ≤ ǫAψ, then λ′ǫ(S) ≤ ǫA (see
[3])).
2) If λǫ is the first eigenvalue of Lǫ on V , then ελǫ ≤ λ′ǫ(S).Note that ελǫ is the first
eigenvalue of L′ε on V ([3]).
We proceed here with the proof in the case of a limit cycle and leave the case of a
singular point, the easier one, to the reader. We construct a test function ψ as follow. Let
ω be a stable limit cycle of b. Let Γδ be the connected component containing ω, of the
set {P ∈ V | L(P ) ≤ L(ω) + δ}. For δ sufficiently small, Γδ is a regular sub-domain of V
and a neighborhood of ω not intersecting any other recurrent set of bL. For simplicity we
set bL = B.
Define the function ψ : Γδ− > R, as follow :
ψ = e−L/(2ǫ) − e−δ/(2ǫ)
Denoting by ∇ the gradient with respect to g, we have:
ǫ2∆gψ = e
−L/(2ǫ)
[
ε∆gL
2
− ||∇L||
2
g
4
]
L′ǫ(ψ) = ǫcψ − e−δ/(2ǫ)
[
ǫ∆gL
2
+
< ∇L,Ω >g
2
+
||∇L||2g
4
]
Let R be a positive number,
L′ǫψ − ǫRψ = e−δ/(2ǫ)
[
ǫ(c−R)(e δ−L2ǫ − 1)− ǫ∆gL
2
− < ∇L, B >g
2
− ||∇L||
2
g
4
]
Below we shall determine R and δ so that L′ǫψ−ǫRψ ≤ 0. Assume this done, using results
1 and 2 above, with S = Γδ we get that ǫλǫ ≤ λ′ǫ(S) ≤ ǫR. Hence limǫ→0 ǫλǫ = 0. We use
Lemma 11 to determine R and δ. We get that up to terms of order four at least, using
appendix I,
L′ǫφ− ǫRφ = e−δ/(2ǫ)(ǫ(c− R)(e
δ−L
2ǫ − 1)− ǫtrgA− (1− µ/2) ‖Ax‖2)
We set δ = 2αǫ where α will be determined later. There are two cases. If L ≤ αǫ, then
e
δ−L
2ǫ − 1 ≥ eα2 − 1 and we can choose α so that (eα2 − 1) is arbitrarily large. ‖Ax‖2 ≤ Cǫ
where C > 0 depends only on the matrix A and α. When ǫ converges to zero, for R big
enough and L ≤ αǫ:
L′ǫφ− ǫRφ ≤ ǫ
[
(c− R)(eα2 − 1) + |trgA|
] ≤ 0
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When L ≥ αǫ, then
(c− R)(e δ−L2ǫ − 1) ≤ 0 for R large enough
and:
L′ǫφ− ǫRφ ≤ ǫ(trgA− (1−
µ
2
)a1α).
Because L(x) ≥ αǫ, it implies that ‖Ax‖2 ≥ a1αǫ, where a1 depends only on the matrix
A. Finally L′ǫφ − ǫRφ ≤ 0 if trA(1−λ
2
)a1
≤ α. Hence for R large enough, L′ǫφ − ǫRφ ≤ 0 in
Γδ. Using the results of ([9]), we obtain that ǫλǫ ≤ λǫ(Γǫ) ≤ ǫR. This ends the proof of
Lemma 9
Now we will prove that any weak limit of v2ǫdvolg/
∫
V
v2ǫdvolg as ǫ goes to zero, con-
centrates on the limit sets of b.
Lemma 10 All weak limits of measures v2ǫdvolg/
∫
V
v2ǫ dvolg as ǫ goes to zero, are con-
centrated on the minimum set of the function ΨL.
Remark.
By construction ΨL attains its minimum on the limit sets of Ω only and this minimum is
zero (note that on a repulsive set, L is maximal, and ΨL is also zero).
Proof of the Lemma 10.
Proceeding as in the self-adjoint case, we multiply equation (59) by vǫφ, where φ is an
arbitrary test function. We obtain after integration by parts:
ǫ2
∫
V
[
φ ||∇vǫ||2g + (cǫφ− ǫ2∆φ/2− ǫdiv(Ωφ))v2ǫ
]
= ǫλǫ
∫
V
φv2ǫ
cǫ converges to ΨL and ǫλǫ to 0 = min
V
ΨL as ǫ goes to zero.
Let µ be a weak limit of the measures v2ǫdvolg then∫
V
φ(min
V
ΨL −ΨL)dµ = 0 (62)
Since equation (62) is true for any test function φ, dµ = 0 on the open set where ΨL 6=
min
V
ΨL. This shows that the support of µ is contained in the limit set of Ω. Let S1, ...Sp be
the stationary points of Ω and let Γ1, ...Γq be the limit cycles. We have the decomposition:
µ =
p∑
j=1
γ2kδSk +
q∑
k=1
µk
where µk is a measure supported by Γk.
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4.0.2 Remarks on the limit measures
We end this section with two remarks. An interesting question is whether the repulsive
sets can be charged by limit measures. Were it to hapen this is similar to the fact, well-
known in the large deviations theory, that the trajectories of a stochastic system can
exit with a positive probablity the basin of attraction of an attractor of its drift. The
boundary of the basin plays the role of the repulsive sets here. In other words a particle
moving according to such a system can escape from the basin of attraction.
The second remark deals with the relations between the limit measures whose existence
was shown above, and the measures, called equilibrium measures, which maximize the
topological pressure P , defined in the introduction. More precisely P is given by the
formula:
P = sup
ν∈M
[
hν(F
1) +
∫
V
(c+ φu)dν
]
(63)
where M is the set of probablity measures invariant by the flow of the drift. A measure µ ∈
M is an equilibrium measure if it maximizes hν(F
1)+
∫
V
(c+φu)dν. For more explanations
see([22]).
4.1 Final Remark
The characterization of the set of possible limit measure in the nonvariational case is
studied in [14], where we prove that the concentration can occur along some submanifolds
of the recurrent sets of a hyperbolic field b. In some cases, we are able to show that
the measure is absolutely continuous with respect to the Hausdorff measure induced on
the set. The order at which the Lyapunov function vanishes, in the neighborhood of the
recurrents, play the role of a filter that allows the eigensequence to concentrate only along
a subset where the topological pressure is achieved.
5 Appendix 1
In this appendix, we give the construction of Lyapunov functions for Morse-Smale vector
field satisfying the condition 1
4
( ||∇L||2g + 2 < ∇L, b >g) > 0. We start by a local
construction near the recurrent sets and then give a global construction on a compact
Riemannian manifold.
5.1 Local construction of Lyapunov functions
Lemma 11 Given a Riemannian manifold (V, g), of dimension n and a vector field b on
V, for any hyperbolic stationary point of b or hyperbolic periodic orbit there exists a local
Lyapunov function L at that point or periodic orbit such that on the domain of definition
of L outside the set of hyperbolic points and periodic orbits, Ψ(L) = 1
4
( ||∇L||2g + 2 <
∇L, b >g) > 0.
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Since Ω is a Morse-Smale vector field, the limit sets are contained in the union of critical
points and limit cycles. We refer to Kamin (see [17, 18] for the construction of L in the
case of a critical attractive point of the field.
First we construct L near an attractive orientable periodic orbit Γ. Then the normal
bundle N to Γ is trivial. Denote by T the minimal period of Γ. Let p:R → V , be a
periodic trajectory of period T, the image of which is Γ. We consider a Fermi coordinate
system (θ, x1, .., xn−1) in a neighborhood U of the cycle. θ is the cyclic coordinate and
(e1(θ), .., en−1(θ)) is the corresponding orthonormal frame field trivializing the normal
bundle of Γ i.e.dxi(ej) = δij , the Kronecker symbol, 1≤ i, j ≤ n− 1. If ξ is a point in the
domain U of this coordinate system,
ξ = expp(θ(ξ))[
n−1∑
i=1
xi(ξ)ei(θ(ξ))]
In these coordinates:
g =
n−1∑
i,j=0
gijdx
idxj ,
where we set dx0 = dθ.Along the cycle, gij(θ, 0) = δij , 1 ≤ i, j ≤ n − 1,g0j(θ, 0) =
gj0(θ, 0) = 0, 1 ≤ j ≤ n − 1. The Christoffel symbols associated to the coordinates
(x1, .., xn−1)are zero along Γ : Γkij(θ, 0) = 0, for i, j, k ∈ {1..n− 1}. In a neighborhood of
Γ, gij(θ, x) = δij +O(d(x)). In this coordinates the equation
Tξ
dt
= Ω(ξ) can be written as
follows:
θ˙ = 1 +O(d(x)) (64)
x˙ = B(θ)x+O(d2(x)) (65)
The solutions are given by
θ(t) = θ(ξ(t)), xi(t) = xi(ξ(t)), 1 ≤ i ≤ n− 1,
where ξ is trajectory of b and d(x) is the distance from x to Γ, B(θ) is a (n-1)x(n-1)
matrix-valued function.
Consider the solution X:R → GL[n − 1;R] of the matrix equation X˙ = B(θ)X such
that X(0) = Idn−1. Then there exist a (in general complex) matrix D and a matrix
function P:θ ∈ R → P (θ)∈M[(n-1)x(n-1);C], such that X(θ) = P (θ)eθD for all θ ∈ R.
Because the orbit Γ is hyperbolic and attractive, the real parts of the eigenvalues of D
are negative: the eigenvalues of D are exactly the characteristic multipliers of the orbit.
Denote by D* the complex conjugate transpose of D. Let µ be a strictly positive
parameter. Consider the matrix Lyapunov equation in the unknown matrix A:
AD +D∗A = −µA2.
It is well known that there exists a symmetric positive definite (n-1)x(n-1) matrix A
solution of this equation, given by the formula:
A−1 = µ
∫ +∞
0
etD
∗
etDdt.
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We define a local Lyapunov function L:U → R as follows: if ξ ∈ U ;
ξ = expp(θ(ξ)[
n−1∑
k=1
xk(ξ)ek(θ(ξ))], (66)
then: L = (AX,X)
R(n−1)where X =P(θ(ξ)
−1(x1(ξ), ....,x(n−1)(ξ)) and the bar denotes the
complex conjugate. Let ξ: t∈ R+ → ξ(t)∈V, be a positive semi- trajectory of b contained
in U and let X(t)=P(θ(ξ))−1(x1(ξ(t)), ..., x(n−1)(ξ(t))).
dX(t)
dt
= BX(t) +O(||X(t)||2)
dL(ξ(t))
dt
= (A
dX(t)
dt
,X(t)) + (AX(t),
dX(t)
dt
)
dL(ξ(t))
dt
= (AD +D∗A)X(t), X(t)) +O(||X(t)||3)
dL(ξ(t))
dt
= −λ(AX(t), AX(t)) +O(||X(t)||3)
where for U, V∈ C(n−1) , (U, V)=∑(n−1)k=1 UkVk. Hence L is decreasing along the trajec-
tories of the field b in a sufficiently small neighborhood of Γ.
(∇L(ξ(t)), b(ξ(t))) = (AX(t), AX(t)) +O(||X(t)||3)
(∇L(ξ(t)),∇L(ξ(t)) = 4(AX(t), AX(t)) +O(||X(t)||3)
and
∆L = −2tr(A).
Recall that Ψ(L) = |∇L|
2
4
+ (∇L,Ω)
2
and thus
Ψ() = (1− λ/2)(AX(t), AX(t)) +O(||X(t)||3.
For 1− λ/2 > 0, Ψ(L) is strictly positive in the neighborhood of the cycle.
Assume now that we have a periodic orbit γ of b with minimal period T which reverses
the orientation. Let Π :
˜
V → V be the covering of V associated to the cyclic subgroup of
π1(V) generated by 2[γ] ([γ] = homotopy class of γ). This is a Galois covering space with
group Z2. Denote by i the nontrivial deck transformation of this covering. g and b have
unique lifting to
˜
V still denoted by g and b. Γ=Π−1(γ) is a periodic orbit of the lifting
of b (i.e) b of minimal period 2T. We can apply the preceding construction to Γ but with
extra care here because of the deck involution i. g and b are invariant by i. We choose
the neighborhood U invariant by i and the Fermi coordinate system so that:
T iek(θ) = ek(θ + T ) for 0 ≤ k ≤ (n− 1)
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Then the previous construction produces a Lyapunov function
˜
L for the lifting of b
in a neighborhood of Γ.This function is invariant by the Galois group of the covering and
hence can be pushed down by Π to a Lyapunov function L of b in a neighborhood of
γ:L=
˜
L ◦ Π.
For repulsive orbits the same construction applies changing b into –b. Finally the
general case of a general hyperbolic periodic orbit Γ can be easily handled by noticing
that Γ has a basis of open neighborhoods U such that U is diffeomorphic to the fiber prod-
uct over Γ of U∩Ws(Γ) and U∩Wu(Γ) and then ”patching up” the Lyapunov functions
constructed above for the restrictions of b to the stable and unstable manifolds Ws(Γ) ,
Wu(Γ) of Γ.
More precisely, due to the transversal intersection of the stable manifold with the
unstable manifold at the hyperbolic set, a Lyapunov function is built in each set as follows:
N s (resp. Nu ) denotes the normal bundle of the stable (resp. unstable) manifold at Γ.
Inside each normal fiber, a Lyapunov function is found. The coordinate system at a point
ξ ∈ U is such that ξ = expp(θ(ξ)[
∑n−1
k=1 xk(ξ)ek(θ(ξ))] = expp(θ(ξ)[Xs + Xu] then as in the
first part of the lemma, we can defined find two matrices Au and As solving the matrix
Lyapunov equation in each subspace Nu and N s respectively. If we denote nu = dimN
u
and, ns = dimN
s, then nu + ns − 1 = n and we can now define the Lyapunov function L
by : L(ξ) = (AsYs, Y¯s)R(ns)− (AuYu, Y¯u)R(nu) where Yu = Pu(θ(ξ)−1(x1(ξ), ....,x(nu)(ξ)) and
Ys = Ps(θ(ξ)
−1(xnu+1(ξ), ....,x(n−1)(ξ)). Here Pu and Ps are two matrices defined as in the
first part of the Lemma for the solution of the matrix equation in each normal bundle.
From the construction, it follows that L is positive and decays along the trajectory of the
vector field.
We can repeat this type of construction locally in a any neighborhood of a limit set
of the field. Indeed since the limit set is hyperbolic, the construction of the function L
is possible on each attractive or repulsive fiber and due to the transversal intersection we
can match the construction and the function L vanishes only on the limit set in these
neighborhoods. Outside the limit set, there is a large choice of extensions of the function
L.
5.2 Global construction of Lyapunov functions
In this section we prove the existence of a global Lyapunov function, assuming the exis-
tence of a local one (proved in the last section).
M is a C∞ compact Riemannian manifold and φt, a Morse-Smale flow. F is the vector
field on V, generator of the flow. Let us denote by Ω the limit set of the flow. Ω is endowed
with a partial order as follows: if ω1, ω2belong to Ω, ω1 ≻ ω2 if there exists a trajectory
the α− limit set of which is ω1 and the ω−limit set is ω2. This partial order determines a
filtration of Ω: Ω = Ω0 ⊃ Ω1 ⊃ ... ⊃ Ωm as follows: Let Ω0,max be the set of all maximal
elements of Ω. Set Ω1 = Ω − Ω0,max. Let Ω1,max be the set of the maximal elements of
Ω1. Set Ω2 = Ω1 − Ω1,max and so on. When Ωn has been defined, let Ωn,max be the set of
all maximal elements of Ωn. Set Ωn+1 = Ωn −Ωn,max. This filtration ends at a certain m.
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Ωm is the set of all minimal elements of Ω.
5.2.1 Local Lyapunov functions
A strict Lyapunov function for F on an open subset O of M is a C∞ function L : O →
M such that dL(F ) < 0 in O − Ω . For ω ∈ Ω there exists two relatively compact
neighborhoods Oω and O˜ω of ω in Mn such that the closure O¯ωof Oω in M, is contained
in O˜ω and a strict Lyapunov function Lω : O˜ω → R such that:
(i) O˜ω ∩ O˜ω′ = ∅, for ω, ω′ ∈ Ω, ω 6= ω′.
(ii) The boundary ∂Oω is the union of ∂sOω∪∂uOω∪∂lOω where the three components
are compact codimension 1 submanifolds with boundaries ∂∂sOφ, ∂∂uOω, ∂∂lOω such that
∂∂sOω ∪ ∂∂uOω = ∂∂lOω and ∂sOω ∩ ∂uOω = ∅.
(iii) ∂sOω and ∂uOω are transversal to the flow and ∂lOωis foliated by arcs of trajectories
of the flow φt linking ∂sOω to ∂uOω.
(iv) Lω is constant on ∂sOω and ∂uOφ.
(v) ∂sOω ∩W s(ω) (resp. ∂uOω ∩W u(ω) ) is a compact C∞ sub-manifold contained
in W s(ω) (resp. W s(ω)) which is a section of the restriction of the flow to W s(ω) (resp.
W u(ω)). If ω is maximal in Ω, ∂lOω = ∅ = ∂sOω. If ω is minimal in Ω, ∂lOω = ∅ = ∂uOω.
5.2.2 Construction of the global Lyapunov function
The construction is inductive. To fix the ideas, we can always assume that, if ω is neither
maximal nor minimal, Lω(∂sOω) = 1 , Lω(∂uOω) = −1 Lω(ω) = 0 and Lω(O¯ω) = [−1, 1].
In the case ω is maximal , we can assume that Oω is an open ball whose boundary
∂uOω{Lω(ω) = 0 } is a sphere that Lω(ω) = −1 and Lω(O¯ω) = [−1, 0].
In the case ω is minimal , we can assume that Oω is an open ball whose boundary
∂sOω is a sphere {Lω(ω) = 0 }, that Lω(ω) = 1 and Lω(O¯ω) = [0, 1].
The construction starts as follows: Let M0 = {∪O¯ω|ω ∈ Ωmax0 }. M0 is a compact
manifold with boundary{ ∪∂uOω|ω ∈ Ωmax0 }. Define L0 : M0 → R, as follows L0|O¯ω = Lω.
It is clear that
(i) M0 ∩ ∪{O˜ω, ω ∈ Ω1} = ∅
(ii) M0 is a sub-manifold of codimension 0 with boundary ∂M0.
(iii) L0 : is a strict Lyapunov function on M0 and L0(∂M0) = −1
Assume now that we have constructed a sub-manifold Mnof codimension 0 in M with
boundary ∂Mn, and a strict Lyapunov function Ln : Mn → R, such that
(i) Mn contains ∪nk=0Ωmaxk in its interior and M −Mn ⊃ ∪{O¯ω|ω ∈ Ωn+1}
(ii) Ln is a constant on ∂Mn and equal to cn, say.
For each ω ∈ Ωmaxn+1 let Vω = ∂Mn ∩ ∪{φ−t(∂sOω)|t ≥ 0}. Then Vω is a compact
sub-manifold of ∂Mn of codimension 0 with boundary ∂Vω = ∂Mn ∩ {φ−t(∂∂sOω)|t ≥ 0}
in ∂Mn.
Also
(i) Vω ∩ Vω′ = ∅ for ω, ω′ ∈ Ωmaxn+1 and ω 6= ω′
(ii) Vω contains the manifold ∂Mn ∪W sω in its interior.
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There is for each ω ∈ Ωmaxn+1 a C∞ function Ts,ω : Vω →]0,+∞[ such that for any
x ∈ Vω, φ(t, x) /∈ O¯ω, 0 ≤ t ≤ Ts,ω(x) and φ(Ts,ω(x), x) ∈ ∂sOΩ.
Let ǫ be a small positive number ǫ < infx∈VωTs,ω(x) and let D
1
ω ⊂ R×Vω be the subset
{(t, x)|x ∈ Vω,−ǫ ≤ t ≤ Ts,ω(x)}. φ maps D1ω diffeomorphically into Mn. D1ω and φ(D1ω)
are manifolds with corners.
We can choose a C∞ function cˆω : D1ω →]0,+∞[ such that
(i) if x ∈ Vω and −ǫ ≤ t ≤ 0, cˆω(t, x) = − ddtLn(φt)
(ii) if x ∈ Vω and Ts,ω(x) − ǫ ≤ t ≤ Ts,ω(x), cˆω(t, x) = − ddtLω(φt). Lω is defined on a
neighborhood of ∂sOΩ.
Let
Γ = sup
ω∈Ωmaxn+1 ,x∈Vω
∫ Ts,ω(x)
0
cˆω(t, x)dt. (67)
Define now a function λω : Vω →]0,+∞[ by the formula λω(x) = Ts,ω(x)−ǫ
Γ−∫ Ts,ω(x)0 cˆω(t,x)dt It is a
C∞ function.
Let u be a C∞ function R →]0,+∞[ such that suppu ∈]0, 1[ and ∫ 1
0
u = 1. Let us
define the function aω : D
1
ω →]0,+∞[, as follows aω(t, x) = λω(x)u( tTs,ω(x)−ǫ). It is a C∞
function. Define cω : D
1
ω →]0,+∞[ as the sum cˆω + aω then
(i)
∫ Ts,ω(x)
0
cω(t, x)dt = Γ
(ii) cω(t, x) = − ddtLn(φt(x)) for all x ∈ Vω and −ǫ ≤ t ≤ 0.
(iii) cω(t, x) = − ddtLω(φt(x)) for all x ∈ Vω and Ts,ω(x)− ǫ ≤ t ≤ Ts,ω(x).
(iii) implies that for all x ∈ Vω all t such that Ts,ω(x)− ǫ ≤ t ≤ Ts,ω(x),∫ t
0
cω(s, x)ds =
∫ Ts,ω(x)
0
cω(t, x)dt+
∫ t
Ts,ω(x)
cω(t, x)dt = Γω −
∫ t
Ts,ω(x)
d
dt
Lω(φt(x)) (68)
= Γω + Lω(φTs,ω(x), x)− Lω(φt(x), x) = Γω + 1− Lω(φt(x), x) (69)
For each ω ∈ Ωmaxn+1 let Uω = φ(D1ω) ∪ O¯ω. Define a function L̂ω : Uω → R as follows:
if y ∈ φ(D1ω), y = φt(x),−ǫ ≤ t ≤ Ts,ω(x), L̂ω(y) = cn −
∫ t
0
cω(s, x)ds. If y ∈ O¯ω,
L̂ω(y) = cn−Γω− 1+Lω(y) It is easy to see that L̂ω is a strict Lyapunov function on Uω
and L̂ω(Vω) = cn.
We will now proceed with the construction of M . For each ω ∈ Ωmaxn+1 , let CVω be a
collar for ∂Vω in Vω such that W
s(Vω) ∩ ∂Mn ⊂ Vω − C¯V ω. There exists a C∞ function
Tu,ω : CVω →]0,+∞[ such that φ(t, x) /∈ ∂uOω if −ǫ ≤ t < Tu,ω and φ(Tu,ω(x), x) ∈ ∂uOω.
Let
Nn = (∂Mn − ∪{Vω, ω ∈ Ωmaxn+1}) ∪ {CVω|w ∈ Ωmaxn+1}
Nn is a submanifold of codimension 0 with boundary in ∂Mn. It is easy to construct a C
∞
function Tu : Nn →]0,+∞[ such that Tu = Tu,ω for any ω ∈ Ωmaxn+1 . Let Du = {(t, x), x ∈
Nn0 ≤ t ≤ Tu(x)}. φ maps Du diffeomorphically on a manifold with corners of dimension
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0 in M . Then we can construct a C∞ function c˜ : Nn →]0,+∞[ such that:
c˜(t, x) = −dL̂ω
dt
Let γ˜ : Nn →]0,+∞[ be the function γ˜(x) =
∫ Tu(x)
0
c˜(t, x)dt. γ˜ is a C∞ function. We
define c : Nn →]0,+∞[ as follows:
c(t, x) =
c˜(t, x)
γ˜(x)
(Γ + 2)
then c is a C∞ function and
∫ Tu(x)
0
c(t, x) = Γ + 2. If ω ∈ Ωmaxn+1 and x ∈ CVω,
γ˜(x) =
∫ Tu(x)
0
c(t, x) =
∫ Tu(x)
0
−dL̂ω(φt(x))
dt
= L̂ω(x)− L̂ω(φTu(x)) (70)
γ˜(x) = cn − (cn − 1 + Γ + L̂ω(φtTu(x)) = Γ + 2 (71)
Hence for ω ∈ Ωmaxn+1 , c ∈ CVω,−ǫ ≤ t ≤ Tu(x), c(t, x) = c˜(t, x) = −dL̂ω(φt(x))dt .
Let
Mn+1 =Mn ∪ φ(Du) ∪ {∪Uω|ω ∈ Ωmaxn+1}.
Define Ln+1 : Mn+1 → R as follows: if y ∈Mn, Ln+1(y) = Ln(y) if y ∈ Du, y = φt(x), x ∈
Nω, Ln+1(y) = cn −
∫ t
0
c(τ, x)dτ and if y ∈ Uω, ω ∈ Ωmaxn+1 , Ln+1(y) = L̂ω(y).
This function is well defined and C∞. If y ∈ φ(Du) ∩ω∈Ωmaxn+1 ∪Uω, then y = φt(x), x ∈
CVω for 0 ≤ t ≤ Tu(x) = Tu,ω(x), but then
cn −
∫ t
0
c(τ, x)dτ = cn +
∫ t
0
dLω(φv(x))
dv
= cn + L̂ω(φt(x))− L̂ω(x) = L̂ω(y)
By construction, Ln+1 is a strict Lyapunov function on Mn+1. Mn+1 is a manifold
of codimension 0 in M with boundary ∂Mn = ∪{∂uOω|ω ∈ Ωmaxn+1} ∪ N˜ where N˜ =
{φ(Tu(x), x), x ∈ Nn}. If y ∈ ∂uOω ∩ N˜ then y = φ(Tu(x), x), for some x ∈ CVω.Tu(x) =
Tu,ω(x). We have ∂Mn+1 = L−1n+1(cn+1), where cn+1 = cn+1 − Γ− 2.
Finally, we remark that b MS is equivalent to Ω MS, when
b = Ω +∇L.
5.3 Appendix 2
In this appendix we are going to provide the estimates needed in (*). On the Riemannian
manifold (V, g) consider an operator of the form:
L = ε∆g + εθ(b) + (ψ +
√
εcε),
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where ψ is a non negative function on V and cε, ε ∈ [0, 1], is an arbitrary function on V,
parametrized by ε, smooth in all the variables .
We assume that we have a family{uε|ε ∈]0, 1]} of smooth functions on V such that:
uε ≥ 0 for all ε and
ε∆guε + εθ(b)uε + (ψ +
√
εcε)uε = 0
Then we can state a lemma:
Lemma 12 There exists constants C, ε0>0, depending only on g, b, ψ, and max
[0,1]×V
|cε|
(but independent of ε!) and a universal mapping γ : N+—>N+ , such that for each integer
n ∈ N+ , for all x ∈ Vψ(= {z|| z ∈ V, ψ(z) 6= 0}), all ε ∈]0, ε0]:
uε(x) ≤ (max
V
uε)
γ(n)(Cε)
n
3
ψn
It follows that at any x∈ Vψ, uε(x) tends to zero faster than any power of ε and the
convergence is uniform on any compact in Vψ.
Proof.
The proof will use be an induction on n. Given any smooth functions f, h on V we have:
f [ε∆gh+ εθ(b)h] = ε∆g(fh) + εθ(̂b)(fh)− fh
[
ε∆gf
f
+ 2ε
||∇f ||2g
f2
+ ε θ(b)f
f
]
(72)
f [ε∆gh+ εθ(b)h] = ε∆g(fh) + εθ(̂b)(fh)− fhε
[
∆gf
f
+ θ(̂b)f
f
]
(73)
on Vf ,
where b̂ = b+ 2∇f
f
, Vf = {x|| x∈ V, f(x) 6= 0}. For each n∈ Z+, set vn = ψnuε. Write:
ψn
[
ε∆guε + εθ(b)uε + (ψ +
√
εc)uε
]
=
ψn+1
ψ
ε [∆guε + θ(b)uε] + (ψ +
√
εc)uεψ
n, (74)
on Vψ.
Applying the formula(72) to (74) taking f=ψn+1 and h=uε, we get, for n≥ 2:
1
ψ
ε
[
∆gvn+1 + θ(̂b)vn+1
]
+ vn+1 +
√
εcεvn − (n+ 1)ε[θ(̂b)ψ) + ∆gψ]vn−1
−(n+ 1)(n+ 2)ε||∇ψ||2gvn−2 = 0. (75)
Let Mn = max
V
vn. Note that M0=max
V
uε. Choose a point P∈V such that Mn+1=vn+1(P).
Note that ψ(P) 6=0. Evaluate the equation(75) at P.
ε
[
∆gvn+1(P ) + θ(̂b)vn+1
]
(P ) = ε∆gvn+1(P ) ≥ 0.
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Figure 1: Construction by induction of the global Lyapunov function
For n≥ 2:
vn+1(P ) +
√
εcε(P )vn(P )− (n + 1)ε[θ(̂b)ψ) + ∆gψ](P )vn−1(P )
−(n + 1)(n+ 2)ε||∇ψ||2g(P )vn−2(P ) ≤ 0 (76)
The relation(76) implies the inequality:
Mn+1 ≤
√
CεMn + (Cε)(n+ 1)Mn−1 + (Cε)(n+ 1)(n+ 2)Mn−2, for n ≥ 2, (77)
where :
C = max
(
sup
V×[0,1]
|cε|, sup[
V
√
|θ(b)ψ|+ |∆gψ|, ||∇ψ||g]
)
.
The relation (77) implies that:
Mn+1
(n + 2)!
≤
√
Cε
Mn
(n+ 1)!
+ Cε
Mn−1
n!
+ Cε
Mn−2
(n− 1)! , for n ≥ 2 (78)
Clearly Mn ≤max(1, max
V
ψ,max
V
ψ2)M0, if n=0, 1, 2.The lemma follows easily from this
remark and the reccurence relation(78).
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